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Abstract 

This paper is a sequel of arXiv:0810.4350 [hep-th], and is also devoted to the local "metric- 
like" unconstrained Lagrangians and field equations for higher-spin fields of mixed symmetry in 
flat space. Here we complete the previous constrained on-shell formulation of Labastida for Fermi 
fields, deriving the corresponding constrained Lagrangians both via the Bianchi identities and 
via the requirement of self-adjointness. We also describe two types of unconstrained Lagrangian 
formulations: a "minimal" one, containing higher derivatives of the compensator fields, and 
another non-minimal one, containing only one-derivative terms. We identify classes of these 
systems that are invariant under Weyl-like symmetry transformations. 
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1 Introduction 



This paper is devoted to fermionic higher-spin fields [1] of mixed symmetry in fiat space, and 
thus complements the corresponding treatment for bosonic fields presented in [2]. The general 
framework and the motivations for the present analysis were already illustrated in detail in [2] 
and will not be repeated here, where we shall confine ourselves to some additional considerations. 

Actions for generic massless symmetric spinor-tensors were first constructed in the late sev- 
enties by Fang and Pronsdal [3] starting from the massive Singh-Hagen [4] construction. They 
were thus able to display the gauge symmetry underlying these massless Lagrangians, while also 
inheriting from the massive theory some surprising algebraic constraints on gauge parameters 
and gauge fields: in their setup the former are in fact to be 7-traceless, while the latter are to 
be triply 7-traceless. Other independent justifications for the constraints were provided in [5, 6] 
shortly thereafter. 

In the eighties, crucial inputs originating from the development of String Field Theory [7] 
shifted the attention to tensors of mixed symmetry. Important progress was then made by a 
number of authors [8, 9] (with some relevant work actually dating back to previous years [10]), 
and most notably Labastida [11, 12] constructed bosonic Lagrangians extending what Fronsdal 
had attained for symmetric tensors in [13]. Those constrained Lagrangians were recently taken as 
a starting point for a theory of unconstrained mixed-symmetry bosons presented in [2]. Indeed, 
as shown in a number of previous works [14, 15, 16, 17, 18, 19, 20, 21], the need for algebraic 
constraints on gauge fields and parameters can be naturally foregone, either via the addition of 
non-local terms or via the introduction of auxiliary fields. While this could well help to simplify 
the structure of the interactions, one clear motivation to delve more deeply into these matters is 
provided by String Field Theory [7], whose equations of motion, in their simplest form and in the 
tensionless limit, describe reducible chains of massless higher-spin modes, without any algebraic 
constraints on gauge fields and gauge parameters [22]. In addition, in the free limit a geometrical 
formulation of interacting higher-spin gauge fields along the lines of Einstein's gravity^ would 
be expected to rely somehow on the linearized higher-spin curvatures introduced by de Wit 
and Freedman for the symmetric case [6] , or on their generalizations for mixed-symmetry fields 
discussed in [18]. Curvature tensors are defined in terms of unconstrained gauge fields, while 
their properties rely on gauge transformations involving unconstrained gauge parameters, which 
calls for a formulation of the free dynamics that is capable of avoiding from the outset the 
algebraic restrictions of the Fang-Fronsdal-Labastida construction. 

As we anticipated, both the Fronsdal constraints and their generalizations can be bypassed in 
two quite distinct, albeit related, ways. The first rests directly on the higher-spin curvatures, and 
was indeed shown to be possible in [15, 19] for symmetric tensors, at the price of allowing non- 
local contributions to the Lagrangians. Investigations in the same spirit were then performed 
for bosons of mixed symmetry in [18], and more recently for massive symmetric Bose and Fermi 
fields in [21], leading in particular to a formulation of massive higher spins in which, in sharp 
contrast with the original Singh-Hagen setting [4], no auxiliary fields are needed. The second way 
rests on the introduction of additional fields in more conventional local Lagrangian formulations 
[14, 17, 19]. In its "minimal form" [16, 17, 19], Fronsdal's constraints can then be foregone at the 
price of introducing only two additional fields and some higher-derivative terms that are anyway 

^Both the present work and its companion paper [2] proceed along the Unes of the metric formalism for gravity. 

An important alternative is the higher-spin counterpart of the frame- like formalism [23, 24], that lies at the heart 
of the Vasiliev setting, where the interactions are driven by an infinite-dimensional extension of the tangent-space 
Lorentz algebra [25, 26[. 
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pure gauge. In particular, unconstrained Lagrangians for symmetric Fermi fields of spin s + | 
were obtained ^ in [17]. Together with the gauge potential V'mi - Ms' ^^^y involve an additional 
spin-(s — 2) compensator ^fi^...n^_2, that first emerges for spin s = |, and a spin-(s — 3) Lagrange 
multiplier, that first emerges for spin s = |. 

Even at the constrained level, the theory of mixed-symmetry fcrmionic fields ip^^...^^ ,ui...us, 
bearing several "families" of fully symmetric indices, was left somewhat incomplete in the metric- 
like approach, since Labastida [30] did not arrive at Lagrangians generalizing the results of Fang 
and Fronsdal ^. He nonetheless proposed free fermionic equations of motion and identified the 
proper generalizations of the constraints on parameters and gauge fields, that in our notation 
read 

= 0, Ti^ij-fk)il^ = 0. (1.1) 

Here 7^ denotes a 7-trace in the i-th index family, Tjj denotes a trace involving a pair of space- 
time indices belonging, respectively, to the z-th and j-th families, and the parentheses indicate, 
here and elsewhere in this paper, complete symmetrization of the enclosed indices, with the 
minimal number of terms needed to this end and with unit overall normalization. Hence, quite 
differently from what the symmetric case of [3] could naively suggest, but in strict analogy with 
the bosonic construction of [11, 12], not all 7-traces of the gauge parameters and not all triple 
7-traces of the gauge fields are forced to vanish in Labastida's formulation. 

In this paper we present three main groups of results : 

• we extend to the Lagrangian level the field equations proposed by Labastida for Fermi 
fields of mixed symmetry in D dimensions (see eqs. (3.7) and (3.28)). In Section 3.4.1 we 
also show that their propagating degrees of freedom fill representations of the little group 
0(L>-2); 

• we propose a number of alternative formulations in which all constraints are removed at 

the price of introducing "minimal" sets of additional auxiliary fields, in the spirit of what 
was already done for bosons in [2] (see for instance eqs. (3.42) and (6.31)); 

• we show that the resulting Lagrangians can display Weyl-like symmetries for particular 
models in special space-time dimensions. In particular, in Section 2.3 we provide a full 
classification of Weyl-invariant Lagrangians for two-family Fermi fields, while in Sections 
3.4 and 4.1 we set up the corresponding analysis for general AT-family fields and display 
some interesting classes of examples. 

For pedagogical reasons, in Section 2 we open our discussion constructing Lagrangians and 
field equations for the simplest generalization of the fully symmetric case, two-family fermionic 
gauge fields of the type ip ^i... ^^^,ui...us2^ study their on-shell reduction to the constrained 
Labastida form of [30] . As in [2] , we discuss in detail the emergence of Weyl-like symmetries and 

''Previous investigations in this direction [14], based on BRST techniques [27], led to constructions involving 
0{s) different fields to describe unconstrained spin-s modes. The reduction of the corresponding equations to the 
minimal ones involving the compensators was first presented in [16]. See also [28] for an early discussion of the 
spin 3 compensator. More recently, an alternative formulation without higher-derivative terms was obtained in 
[20] for symmetric bosons and fermions by suitably restricting the "triplets" [22] of String Field Theory. See also 
[29] for a discussion of the triplets in the frame-like formalism. 

^Actually, fermionic Lagrangians were first built in [9], within a BRST- like formalism along the lines of the 
first attempts to construct free covariant string equations, in an approach that is rather remote from this line of 
developments. 
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their role in the reduction procedure of the field equations to the non-Lagrangian Labastida form. 
We conclude Section 2 with the explicit example of reducible rank- (3, 2) spinor-tensor fields, that 
are relatively simple but suffice to illustrate a number of key points of our construction ^. In 
Section 3 we extend the discussion to multi-family fermionic fields, identifying via the Bianchi 
identities their unconstrained Lagrangians. When restricted to the case of constrained fields, 
our results determine the off-shell Lagrangian extension of the field equations of [30]. However, 
wc also describe how, in the constrained case, requiring that the kinetic operator be self-adjoint, 
along the lines of what was previously done for bosons in [12], one can recover the same result. 
Moreover, we show that the non-Lagrangian Labastida equation of [30] propagates in general 
the correct degrees of freedom and comment on the degenerate low-dimensional cases in which 
the Lagrangian equations do not reduce directly to it and Weyl-like symmetries emerge. 

The key ingredients of our construction are reducible gl{D) spinor-tensors V'mi - Msi,!^i - !^s2' - ' 
possessing several "families" of symmetric index sets, in a /^-dimensional space time. Spinor- 
tensor fields of this kind describe a portion of the massive fermionic excitations of the five ten- 
dimensional superstrings, of their type-0 counterparts [31] and of various brane systems [32]. 
However, in Section 4 we also describe how to adapt the results of this paper to spinor-tensor 
fields transforming in irreducible representations of the Lorentz group, so as to clarify how the 
theory develops along lines that are more closely related to what is usually done for low spins. 
Both the Fang-Pronsdal-Labastida kinetic operators and the corresponding Lagrangians take 
the same form for reducible and for Young-projected irreducible fields, but when considering the 
latter the theory involves fewer independent gauge parameters and fewer independent auxiliary 
fields, in a way that we spell out in detail. We also display an instructive off-shell counting 
argument that illustrates for irreducible two-family fields how the Labastida constraints of [30] 
result in the propagation of irreducible representations of the Poincare group. In Section 4.1 we 
show that combining the conditions for irreducibility with the constraints selecting cases with 
Weyl-like symmetries allows one to find explicit solutions of the latter for an interesting class of 
mixed-symmetry fields. 

In Section 5 we adapt our formalism, following largely previous results of [18], to another 
relevant class of fields, multi-form spinor-tensors possessing several "families" of antisymmetric 
index sets in a D-dimensional space time, while in Section 6 we discuss how the minimal higher- 
derivative unconstrained Lagrangians of Sections 2 and 3 can be reduced systematically to others 
with a single derivative, generalizing the results of [21, 2]. Section 7 contains our conclusions, 
and the paper closes with a number of appendices where our notation is carefully spelled out 
and tedious intermediate derivations are elaborated upon. 

Both here and in [2] our notation is a natural extension of the index-free description used in 
previous work on symmetric (spinor-) tensors by some of us [15, 16, 17, 19, 21]. It involves explicit 
"family" indices, that arc needed to identify particular subsets of the actual tensor indices to 
be treated differently by the various operators entering field equations and Lagrangians. For 
instance, while the basic fermionic field can still be simply denoted by ^, as in the fully symmetric 
case, its gauge transformation, 

<5V' = d'ei , (1.2) 

now involves explicit family indices. These identify the various gauge parameters and the var- 
ious sets of tensor indices taking part in the gradient, which are to be fully symmetrized (or 
antisymmetrized) only with others of the same family. At the same time, the gauge parameters 

^In contrast with the notation used for instance in [19], in this paper the rank refers only to the vector indices 
carried by spinor-tensor fields. 
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e j also carry one lower family index, and bear correspondingly one less space-time index of the 
i-th. family than the gauge field tp. 

Prom the methodological viewpoint, our approach differs somewhat from the original paper 
[12], since we are guided throughout by the Bianchi identities and their 7-traces. This choice 
was instrumental for deriving, in a relatively handy fashion, complete local Lagrangians for 
Fermi fields of mixed symmetry and provides a neat rationale for these rather complicated 
constructions. 

This paper is admittedly rather long. However, Section 2 can already provide a fair view 
of our methods and of the subtleties to be met in the general case, both in its early general 
portion and in the explicit examples of Section 2.4. On the other hand. Section 3 contains our 
main results (eqs. (3.7) and (3.28)), but the derivation of the Lagrangians is somewhat involved 
and may be skipped in a first reading. Sections 4 and 5, devoted to irreducible fields and to 
multi-forms, should be also accessible to a large extent after reading Section 2. Finally, a glance 
at the first part of Section 6 can provide a fair view of the key ideas behind the formalism 
that we are proposing to reduce the unconstrained models to more conventional one-derivative 
Lagrangians. 



2 Two-family fermionic fields 

The "metric-like" theory of fermionic fields of mixed symmetry is less developed than its bosonic 
counterpart, since Labastida [30] did identify both their field equations and the algebraic con- 
straints on gauge fields and parameters but did not arrive at the corresponding Lagrangians. 
One of the aims of the present paper is therefore to build constrained and unconstrained metric- 
like Lagrangian formulations for Fermi fields of mixed symmetry in flat space. We begin, as 
we did for Bose fields in [2], with a discussion of the relatively handy two-family fields, in this 
case spinor-tensors of the type ip fi^... fj,^^,ui...us2 ! ^^^^ already exhibit the key features of our 
construction. 



2.1 The Lagrangians 

In the following all vector and spinor indices will be left implicit, as in [15, 16, 17, 19, 21, 2], so 
that a generic spinor-tensor of the type V'/ii...Aisi,!^i---i^s2 ^^^^ ^® simply denoted by ip. However, 
operators like gradients, divergences and (7-)traces will bear "family" indices specifying the sets 
of space-time indices they are acting upon. In particular, divergences and gradients will be 
denoted exactly as in [2], so that, for instance, 

5V = V/.2...^,, + i),Z.i...Z.,2 • (2.1) 

As in [2] and as we shall explain in detail in Appendix A, an upper family index, as the one 
borne by the gradient above, will signal the addition of a space-time index to the corresponding 
group or family, while a lower family index, as the one borne by the divergence above, will signal 

its removal. In a similar spirit, even when dealing with Fermi fields it is convenient to introduce 
traces and metric tensors, carrying respectively a pair of lower or upper family indices, so that 
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for instance 



Ti2lp — tp ixi...Hs^_i,Xvi...Us^-i J 

V^'^i^ = ^ ^Mn(vi|V'.../..^„...,|^2...^,2 + l)- (^-^^ 

^ n=l 

We should stress again that in this paper groups of (space-time or family) indices surrounded by 
parentheses are meant to be symmetrized via the minimal number of terms needed to this end, 
and to be normalized with unit overall coefficient, rather than with unit strength. Aside from 
these building blocks, fermionic Lagrangians involve two new types of operators, both related 
to the space-time 7-matrix and bearing, respectively, one lower and one upper family index. 
The former, 7j, removes one Lorentz index belonging to the i-ih family via a 7-trace, while the 
latter, 7*, adds an ordinary 7-matrix bearing a Lorentz index of the i-th. family, to be properly 
symmetrized with all its peers. Thus, for instance, in the two-family case one is also led to 
consider expressions of the type 

71V' = 7aV' V-M.i-i.'^i-'^-2 ' 

= l{n^i^^,.2...ns^+i),vi...vs^- (2-3) 

Together with these family 7-matrices, we shall also need to consider their antisymmetric com- 
binations, that in the two- family case arc only 7*-' and 7jj. The former adds two Lorentz indices 
borne by a conventional antisymmetric combination of two 7's, say 7^^^^, while the latter signals 
an antisymmetric combination of two 7-traces. In general, it is also convenient to introduce the 
compact notations 

^ = 7^5^ ^i = 7iV', (2.4) 

where 7^ clearly denotes a conventional space-time 7-matrix. 

In complete analogy with the bosonic case, the starting point to build the Lagrangians is the 
Fang-Fronsdal-Labastida kinetic tensor [30] 

5 = z(^V - 5Vi) , (2.5) 

supplemented with the unconstrained gauge transformation of the two-family spinor-tensor ^, 

Si) = d'ei. (2.6) 

As in the bosonic case, this gauge symmetry is reducible, and the corresponding gauge-for-gauge 
transformations read 

Sei = d^e[ij], (2.7) 

where the parameter ejjj] is antisymmetric in its family indices. At two families the chain stops 
here, while in the general multi-family setting one must clearly face longer chains of gauge-for- 
gauge transformations. 

The gauge variation of (2.5), 

5S = -Id'd^j^.ej), (2.8) 

'^The reader should notice that a somewhat unconventional but convenient factor, ^, enters the definition of 
r?^^, as in [2]. 
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is proportional to the Labastida constraints on the gauge parameters, 

7(^6,-) = 0, (2.9) 
and can be disposed of introducing compensator fields such that 

Hij = Imej). (2.10) 

As in the bosonic case, however, these compensators are nicely covariant in family notation but 

can not be independent in general, simply because the Labastida constraints arc not independent. 
Indeed, gauge invariant combinations of the 7-traces of the ^ij exist ®, so that they are to be 
regarded as 7-traces of independent compensators ^'j such that 

^^.•(*) = ^7(i^,-), (2.11) 

with 

S^i = ei. (2.12) 

Now, in complete analogy with the bosonic construction of [2], or with the one- family case of 
[17, 19], one can move directly to the unconstrained theory, defining the gauge invariant tensor 

W = S + iO'd^Uji"^), (2.13) 

that in the following will be the basic kinetic tensor for the theory. All our results can be 
easily adapted to the constrained setting via a partial gauge fixing, and for brevity in the 
following we shall often write to indicate these combinations, without displaying explicitly 
their dependence on the ^'j. Notice that eq. (2.13) involves two derivatives of the compensator 
field. In Section 6 we shall see how more conventional forms of the kinetic operator involving a 
single derivative obtain via the introduction of a few additional types of fields. 

Furthermore, as was the case for bosons, the composite compensator of eq. (2.11) 

would emerge after performing in the Fang-Fronsdal-Labastida tensor S the Stueckelberg-like 
shift 

^ ^ ijj - d'-^i (2.14) 

to generate W, an approach we shall elaborate upon at the end of this section ^. Actually, 
this would only build the combination (2.11), as in eq. (2.13), a circumstance that rcficcts the 
presence of the constrained Labastida gauge symmetry (2.8). Notice that under the gauge-for- 
gauge transformations (2.7) the ^'j fields shift like gauge parameters would, and thus like gauge 
fields. This is as it should be: if they were inert like the higher-spin field tp, part of the gauge 
transformations would be ineffective on them, in contradiction with the manifest possibility of 
removing the by simply undoing the Stucckclberg shift. 

*The example presented to this effect in [2] is actually incorrect, since the combination in eq. (2.11) of that 
paper is not gauge invariant. A poignant example, however, is the more complicated expression in eq. (2.49) of 
[2], that on the contrary is gauge invariant and is available in general from two families onward. A corresponding 
example for Fermi fields will be presented in eq. (2.20). In the bosonic case there is another example that can 
be analyzed by inspection, a combination of triple traces of the a ijk compensators carrying a {5, 3, 1} Young 
projection in the family indices. Such an expression is gauge invariant simply because one cannot recover its 
structure starting from four traces of the gauge parameters Ai, since multiple Tij lead to Young diagrams with 
even numbers of boxes in their rows. 

^M.A. Vasiliev stressed to us the role of this shift in the symmetric case of [17]. In the following we shall see 
how to formulate the procedure in various ways for mixed-symmetry spinor-tensors. 
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The Bianchi identities for W are 

diY^ - \^ypi-\d^ Tij W-^d^ ^ij W = ^ d^d'^Zijk , (2.15) 
where the gauge-invariant spinor-tensor constraints 

^ijk = 3 { ^(jj ^ifc) ~ '^^{i^jk) - ^l^iijk) - 9'' (2r(jj^j.); - Tif^i^jf.) - 7/(iCjfe) )} (2.16) 

are totally symmetric in their family indices, and when expressed in terms of the independent 
compensators of eq. (2.11) take the far simpler form 

^ijk = I T^ijlk)[^ - d'^i). (2.17) 

After removing the compensators, eq. (2.17) identifies precisely the Labastida constraints on the 
gauge field, 

r(,,.^,) = 0, (2.18) 

that can thus be read directly from the Bianchi identities for the Fang-Pronsdal-Labastida tensor 
S of [30]. 

The constraints (2.18) on the gauge fields are not independent in general, just like the con- 
straints (2.9) on the gauge parameters, and indeed, once the ^ij are expressed in terms of the 
independent compensators the 7-traces of the Z^jk spinor-tensors satisfy algebraic relations, 
so that for instance 

{lm(i2'j)kl + lm{k^l)ij) - 15 ^{4,1} {TijZklrn + TklZijm) = 0, (2.19) 

where ^{4,1} denotes the Young projector onto the irreducible {4, 1} representation of the per- 
mutation group acting on the family indices The lack of independence of the Labastida 
constraints for the gauge parameters (2.9) and of their counterparts (2.18) for the gauge fields 
can be traced to a common origin. Indeed, starting from eq. (2.16) the part of the combination 
(2.19) involving the ^.y is not forced to vanish a priori. Rather, in complete analogy with the 
bosonic case of [2] it reduces to 

{lm{i^j)kl + lm{k^l)ij) - 15 ^{4,1} {TijZklm + TklZijm) = 

= -^9^ {^T^^ijTki)(,mn - ^TjnnT(ij^kl) + ^ (j | | ^ j.,) - 2 T,;^ | ( j ) | „) } (2.20) 

+ -^9'^ {'^T(^i\{mln)\3ikl) ~ '^l{m\{iTjk^l)\n)] > 

where the left over combination of (7-)traces of the ^ij is gauge invariant and is available in 
general from two families onward. The terms entering eq. (2.20) involve four 7-traces acting 
on the ^ij, and in the two- family case it is not possible to obtain gauge invariant combinations 
containing smaller numbers of 7-traces Therefore, the linear dependence of the Labastida 

'^'^The Young projector acts only on the last two terms in eq. (2.19) since, when they are expressed in terms of the 
fields via eq. (2.17), the first two terms automatically result in a {4, l}-projected combination. Our conventions 
for the permutation group are spelled out at the end of Appendix A. 

^^In order for the most general linear combination of three 7-traces of the compensators to be gauge invariant 
several cancelations must occur simultaneously. The resulting system apparently admits a number of solutions, but 
a closer analysis shows that they all involve combinations of 7-traces of the compensators that are antisymmetric 
in three indices, and thus vanish identically where only two index families are present. 
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constraints does not manifest itself in simple mixed-symmetry models with small numbers of 
space-time indices. 

The form of the Bianchi identities (2.15) now suggests to start from the trial Lagrangian 

A = ^(V^,>V - \ i'ypi - \ il''TijW - ^i''iijW) + h.c. , (2.21) 

where, as in [2], we have introduced a convenient scalar product that is defined in Appendix A. 
The gauge variation of Cq is then 

+ ^{ei,j^diWj - + \ {ei,v'''d,T,kW) (2.22) 

+ ^{^i,7'''diijkW) + h.c. 

and, as in the bosonic case, the key ingredients to build the complete unconstrained Lagrangian 
are Young projections for the family indices to distinguish in SCq contributions related to the 
gauge transformation (2.10) of the composite compensators ^ij from others to be dealt with via 
suitable 7-traces of the Bianchi identities. In the fcrmionic case, however, this identification 
is not at all straightforward, and is actually fraught with new subtleties, that we shall try to 
exhibit following a sequence of steps. The Bianchi identities (2.15) can relate directly the first 
term of eq. (2.22) to the Zij^ constraint tensors, while the other terms must be split aforehand 
into different components that transform irreducibly under permutations of the family indices. 
One is thus led to 

<^^o = ~ Y2 ^^i"-^^^^) ' ■^'■i''^ 

1 1 2 

+ ■^^^(i^j)^^{i^3)) + ^I^l^j] - 3 ^7ijW) ^^^^^ 

after discarding the {1,1,1} projection, that a priori ei'fjk would admit but is clearly not 
available with only two families. Aside from ordinary parentheses, that as we stated above 
denote symmetrizations, here we are also introducing square brackets. As is commonly the case, 
these denote antisymmetrizations, here built via the minimum possible number of terms and 
defined with unit overall coefficient. 

The second and fourth terms of eq. (2.23) are both symmetrically projected and involve 
combinations of the type e(j7j). Taking into account that, with the "mostly plus" convention 
for the metric tensor adopted in this paper, 

Hij = - l^i^j), (2.24) 

they can be removed introducing 

A = li^ij, \ ^(i)^,) + I l'd^iTjk)W) + h.c. , (2.25) 
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that collects all compensator terms that are already visible in the symmetric case of [17, 19]. 
The total variation then becomes 

1 1 _ 2 

+ ^{Y{2,iyTj,ei, {2diTj, - a(,rfe),) W) (2.26) 

+ ^ (^{2,1} ^iljk , {2di-ijk - d[j-ik]i)y^) + h.c. . 

Aside from the first contribution, that contains the Zijk and, as we shall see, can be compensated 
by Lagrange multipliers Xijk, this remainder can be dealt with resorting to some consequences 
of the Bianchi identities. For the second term, the relevant one is the 7-trace of (2.15), 

I (2-27) 

= d'^^Zijk + - d'^d'jjZiM, 

that actually admits two independent Young projections. The first projection is a symmetric 
{2}, that reads 

d'^T^ijWk) = -Gd'^^Zijk - I d'^d'j^iZj^kl, (2.28) 

and in complete analogy with the bosonic construction of [2] reflects an algebraic identity satisfied 
by W, 

T^ij = 3 { - 2 ^Zijk + d'jiZijk - \ d'niZjkl) } • (2-29) 

Eq. (2.28) contains indeed on the right-hand side the gradient of this expression, as can be seen 
taking into account that the (/c, I) symmetry induced by the additional gradient makes the last 
two terms directly comparable. On the other hand, the second projection of eq. (2.27) is an 
antisymmetric {1,1}, that reads 

d[rWj] - \ ^7..W = SS^.fcW + \ d^Tkyn,]^ - \ d^d'^^^Z^^kU (2.30) 

where the left-hand side is exactly as needed for eq. (2.26). It should be appreciated that for 
fully symmetric ip fields only eq. (2.28) would survive, so that the 7-trace of the Bianchi identity 
would not contribute any useful information. 

The remaining two terms in eq. (2.26) present some novel features with respect to the bosonic 
case that are worthy of some discussion. First of all, taking a further 7-trace of the Bianchi 
identities gives rise to two distinct types of expressions, a trace Tj^ and an antisymmetric 7-trace 
7j7c. The first reads 

\{2diT^k - 5(,rfe),)W + ^a(,-7fc)iW- \ ^T^kWi - \ d'T^kTiiW 

- \ d'T.kluW = d'd^,Zk)il + \ d'd"'TjkZura, 

and admits a {3} and a {2, 1} Young projection in family indices, while the second reads 
d[njk]'^ + I d[j7k]iyV + \ 5[,-7fe],W - ^ ^7yfc>V + ^ ^ri[,-7jfc]W 

- \ ^'l^,k^y^ - \ d'Tuijk^^ + \d' {T,^^ik]i - ?][,-7fe]0>V (2-32) 
+ ^ d'T.^^Tk^iW = -d'^^yZk]u + d'd[jZk]u + I d'd^^jkZum, 
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and would admit in principle a {2, 1} and a {1, 1, 1} Young projection in the family indices. 
In analogy with the {2} projection of eq. (2.27), the {3} projection of eq. (2.31) simply relates 
structures that are proportional to the constraints Zijk-, and furthermore the {1, 1, 1} projection 
of eq. (2.32) is clearly not available in the two-family case. The remaining {2, 1} component is 
common to both expressions, and will be the key ingredient of the present construction. Indeed, 
letting 3Si denote for brevity the Bianchi identities (2.15), the two resulting expressions read 

1 6 (2.33) 

+ - d''d"^ [2TjkZii^ - Ti(^jZ}.)i^) 

and 

= -d'^^[jZ,],i + d^d[jZk]u +^d'd^{2^jk2ilm-li[j2k]lm) ■ (2.34) 

Clearly, neither of these equations suffices to move past eq. (2.26), as was the case for (2.30) 
in the previous step, or altogether for bosonic fields in [2], since both the third and fourth 
contributions in (2.26) lack some of the divergences present on the left-hand sides of eqs. (2.33) 
and (2.34). In order to proceed, one might therefore try to combine these two consequences of 
the Bianchi identities, after making their manifest symmetries compatible, since at this stage 
their differences reflect the nature of the left entries of the corresponding scalar products in 
(2.26). Let us therefore construct a consequence of eq. (2.34) that is manifestly symmetric in 
{j, k) like eq. (2.33), and similarly a consequence of eq. (2.33) that is manifestly antisymmetric in 
(j, k) like eq. (2.34). The issue at stake is whether suitable combinations of these two expressions 
could reproduce the two sets of divergences in the last two terms of eq. (2.26). Unfortunately, 
however, the results of these manipulations are 

liU^k) ■■ l{2diTjk - d^jTf,)i)W + ^ d^jjk)iW 

I 1 ^ (2.35) 

+ - 5^r^,-7fe),W - - d^{2Tjklii - Ti^jlk)l + Ti(3lk)i)y^ 

= -d^ ^{2-fiZjki - l{jZk)ira) + d^[2diZjki - d(^jZk)ii) + ^ d^d"" -fi(^j Zk)im 
and 

I I 1 (2-36) 

--d'TiyTk]iW - - d'Ti[jjk]lW = d'dijZk]ii + 2 d'd'^'TiyZkiim, 
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and contain divergence terms that are identical, respectively, to those present in (2.33) and 
(2.34), that have the same manifest symmetries. As a result, no progress can be attained in this 
fashion. 

The conclusion is that one can not forego the need to combine the last two terms in eq. (2.26). 
This is actually possible, if perhaps surprising, since Tj^ei and ei'jjk are not independent, and 
can be related to one another up to some well-defined compensator terms. Thus, for instance, 

^{2,i}ei7jfc = 2 (2ei7j-fc - ^[jlkji] = -^{^{ilj)k - ^{ilk)j) , (2.37) 

and each term in the last sum can be related to traces of the gauge parameters and to the 
compensators letting 

^{ilj)k = ^{ilj)lk - Tk{i^j)- (2-38) 

Similar considerations apply to the other combination present in eq. (2.26), so that one finally 
obtains 



2 - 1 _ 



(2.39) 
(2.40) 



This circumstance clearly brings about some ambiguities, since one is somehow working with 
a set of structures that are not linearly independent. The simplest way to proceed would be to 
choose a basis, and in the next section we shall eventually do it. However, it is quite instructive 
to first dwell upon these ambiguities, introducing a new parameter, k, to put some emphasis 
on their role. Let us therefore cast a portion k of the last two terms in (2.26) in the Tj^ 
format, making use of eq. (2.40) in the fourth term and the remaining portion (1 — k) in the 
7jfc format, making use of eq. (2.39) in the third term. Some of the resulting contributions are 
then manifestly proportional to the variation of the compensators, and can be canceled adding 



^2 = iH'^dkTi, - a(,T,)fe)W + I 7'5(,7,)fcW) + h.c. , 



12 
so that 



(2.41) 
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2 
3 



7^,>V) 



+ ^{Tjkei, {2diTjk - 5(,-rfc),)W + ^a(,.7fe),W) 

1 — K 1 

^ {^iljk, dijTkjiW - - {2di-ijk - 5[i7fe]i) >V) + h.c. 



(2.42) 



We have thus obtained two types of terms that can be taken care of via the Bianchi identities, 
but before proceeding a further comment is in order. The issue is that, for the special case of 
two-family gauge fields, some of the 7-traces of W that appear in eqs. (2.33), (2.34), (2.35) and 
(2.36) are actually proportional to the constraints, although this is not evident at first sight. 
Indeed, in these expressions the terms carrying four lower family indices are a priori of the form 



□ = 
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where the first Young diagram factor is dictated by the projection while the additional box 
originates from the gradient. However, the subset of terms containing both a trace and a 
two-index 7 actually admit only the {3, 1} and {2, 1, 1} projections, as one can see from the 
composition rule 



B 



I 



I 



Here the symmetric boxes originate from the trace T while the antisymmetric ones originate from 
the two-index 7, and as we stressed repeatedly with only two families three-row projections like 
the {2, 1, 1} are clearly impossible. As a result, one is finally left only with the {3, 1} projection 
for these terms, that as such is related to the Zij^. For example, a contribution of this type is 
present in eq. (2.33), and as we just stressed coincides with its {3, 1} portion 

{2Tjkiii -T,^jik)i)y^ ^ \ T^ijik)iy^ + \ {T^in3)k + T^ink)j)y^, (2.43) 

that is proportional to the Z^jk on account of eq. (2.29), since 



1 



(2.44) 



Actually, an alternative possibility exists to select the components not related to the constraints, 
that is more suitable for an extension to generic fields with an arbitrary number of index families. 
It amounts to working with linear combinations of eqs. (2.33) and (2.35), or of eqs. (2.34) and 
(2.36), that do not contain the {3, 1} projection of terms of this type. The relevant relations in 
this two-family setting are 

\y{2^}{Tjk^^-\l^u■'^k)^ ■■ ^(2air,-fc - 9(,rfc),)w -f ^ a(,7fc),w 



J d'' ^{2-fiZjki - j(jZk)u) - I {2diZjki - d(^jZk)ii) 



(2.45) 



3 1 

together with their counterparts obtained by an antisymmetrization in and a cyclic rela- 
beling, 

^ %i} 7,fc^i + : -^d[^n],W + ^{2dijjk - dijjk]i)y^ 

- l^Ti^jWk] -\d'T,^jTk]iW = - ^d'^-fyZk]u + I d'd^jZk]u (^.46) 
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These two consequences of the Bianchi identities now reduce the total variation (2.42) to 

5{Co + Cr+C2) = -\{SXijk,Z,jk) + ^(e,7,-, 9^rfc[,7,.]>V) 
+ ^{Tj^ei, ^{2Tjk7i - r,(,.7,))W + {2TjkTu - Ti^jTk^i)W) (2.47) 

+ ^^{^iljk, ^r,[,-7fc]>V + d^Ti[jTk]iW) + h.c. , 
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where 

S>^ijk = ^ d^idjCk) + ^ 7' [l{idjdk)^i - lid {id 3 ^k)) 



1- K 

- ^7'^ {2T^iidk)ei - Ti^idjek)) - ^ l' ^ 7i(idj e^) (2.48) 
-^^^"'{Timd^idjek) - Ti^idjdk)em) + ^ ri^"" li(idj d^) em 
+ ^ 'y^"'Ti^idjdk)em - 7'" ( 7«m 9( e^) + TUi^i'^fc)^™) ■ 

can be regarded as the gauge variation of a set of Lagrange multiphers Xijk- The rest of the 
variation (2.47) can be partly canceled adding 

= l{^P,^v'h'{2T,jjk-n^nj))W + ^r,'^v'''{2T,jni-T,^,Ti)^)W) ^^^^^^ 
+ h.c. , 

but one is readily to face a novel feature of the fermionic construction: an additional compensator 
term, 

A = (2r,,-7it - rfe(,7,))>V) + h.c. , (2.50) 

is needed to eliminate the symmetric portion of the gradient terms produced when varying the 
first contribution in eq. (2.49). At this point 

S {Co + ■ ■ ■ + A) — ~ ^^ijk ) ^ijk ) 

- ^^{Tjkei, ^{2Tjkli - r,(,-7jt))W + {2TjkTu - T,^jTk)i)W) 

+ ^(ei7,-fc, ^r,[,-7fc]W + a'ri[,Tfc];W) (2.51) 

- ^{Tjkeili,di{2Tjkli - T,(,-7fe))W) 

- :^{TjkTimei,di{2TjkTim - Ti^jTk^m)^^) + h.c. , 

and one is thus confronted, again, with two apparently distinct types of structures, those present 
in the two terms above and proportional to (1 — k). They can be combined making use again of 
eqs. (2.39) and (2.40), only to discover that they fully cancel, up to some terms proportional to 
gauge variation 5^ij of the compensators, that can be taken care of adding 

A = ^(Ci.-,7'^(2r,,-7fe - Tk^,^j))yv + j''d'{2TijTki - n^,Tj)i)yv) ^2^2^ 

+ h.c. . 

Finally, at two families, the last two terms in eq. (2.51) can be turned into a form that can be 
manifestly canceled by the additional compensator terms in 

1 



.kl 



+ 2r,''{2Tij^^kdi) + 2Tkn^idj) - j^^Tj^^kdi) - ^^kTi^idj)) W) (2.53) 
- ^Uij,ri'''7'^{2niT^ijdm) - Tk^,^Tnjdm))yV) + h.c. . 
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This is clearly a further manifestation of the absence of Young tableaux with more than two 
rows. Its origin can be understood observing that at two families the fourth term in eq. (2.51) 
contains only the {3, 1} projection 

{Tjkeiji , di {2Tjkli - Tujjk) ) W) 

^ (2.54) 

and the {2, 2} projection 

{Tjkei^l,di{2Tjkli - Tl(,-7fe))W) ^ 

1 (2-55) 
giTjke^i-fi), {2Tjk7{idi) + 2Tu^(^jdk) - {^jTk)(idi) - i[iTi)i^jdk))W) , 

both clearly related to the gauge variation of the compensators. In a similar fashion, at two 
families the last term in eq. (2.51) only admits a {3, 2} projection, and can be directly related 
to the variation of the compensators on account of 

( 2 Tij Tki - Ti/kTi\j) Cm ^ ' 

I (2.56) 

- { STjj Tijfe; e„) + STkiTf^ijCjn) - T(^ij\ {2T\ki)em + Tjn\k^i)) } , 

that played a similar role also in the bosonic case of [2]. 

As a result, for two-family fermionic fields we have obtained a whole set of complete uncon- 
strained Lagrangians labeled by the parameter k, 

^fin = \ ^ ^) + \ i^ij ' ) + \ {^ijk > ^ii*;) + h.c. , (2.57) 

with the K-independent tensor 



(2.58) 



+ l-r,'^j''{2Tijjk-Tkii7j))W+^ri''ri'''{'^TijTki-Ti^kTi)j)W, 
that generalizes the Rarita-Schwinger kinetic tensor, and 

EijiK) ^ ^ d^.Wj) + \ 7'5(ir,fc)>v+ ^ (2r,,-7fe - r,(,7,-)) w 

- (2afcri,- -a(,T,),)W+ ^7'5(i7i)fc>V 
+ ^7'{^(2T,,-7ik - Tfc(i7,))W + d'{2T,^Tu - r,(,r,),)>v} 

- ^ 7?*^'(2ri,-7(fe5,) + 2Tul^idj^ - 7(iT,-)(feai) - 7(feT,)(i5,-) ) W 

-l7'='(27,r(,,afe) - T,^a,dk))y^ 

At the same time, we have determined corresponding K-dependent gauge variations of the Xijh 
Lagrange multipliers, that are given in eq. (2.48). 
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(2.59) 



One can also explain the origin of these ambiguities noticing that, in sharp contrast with 
the bosonic constructions of [2], the non-trivial fermionic Bianchi identities that drive our con- 
struction carry Young projections that are not forbidden for the 7-traces of the compensators. 
Via their traces or 7-traces, in fact, the give rise in general to Young diagrams with at 
least two columns, that can also characterize the relevant consequences of the Bianchi identities, 
like the {2, 1} projections that we used repeatedly. On the other hand, for bosonic fields the 
consequences of the Bianchi identities that drive the construction are two-column projected, 
while compensator terms contain at least three columns, so that the relevant consequences of 
the Bianchi identities and the constraints on the gauge parameters (2.9) correspond to orthog- 
onal Young projections. In the present example we can see explicitly this phenomenon after 
separating out in the Lagrangian all terms proportional to (1 — k), so that 

Cfin = C + {1-k)£, (2.60) 

with 

= ^ ('0, ^) + ^ (Ayfe, Zijk) 

+ ^ d''{2Tijjk - Tk^nj))yV -^j'''{2^iT^,jdk) - Ti^njdk))y^ (2-61) 
- ^V^'^'^imiT^ijdm) -rfe(,|r,|,.5„))W) + h.c. 

and 

^ = - i^Uijlk, {2dkTij - 5(,r,)fc) W + \ 5(i7,)feW 

^ (2.62) 

- - ^(2T,,-7fe - rfc(,7,))>V - - d'{2T,,Tki - n(^,T^)i)W) + h.c. . 

The key feature of this last set of terms is that they build exactly the left-hand side of the 
Bianchi identities (2.45), so that they can be turned into 

£ = ^{2^ijk, {2-iid(iijk) - l{idjik)i) - 7 7' ^ (27/9{jCifc) - l{idjik)i) 

f ^ ^ (2.63) 

which is a mere redefinition of the Lagrange multipliers Xijk- A similar result, although involving 
a different redefinition, would obtain collecting the terms proportional to n. In conclusion, in 
the fermionic case there exist field redefinitions that modify at the same time compensator terms 
and gauge transformations of the Lagrange multipliers, without affecting the types of projections 
that enter those terms or the Rarita-Schwinger-like tensor of eq. (2.58). In Section 3.2 we shall 
present other classes of field redefinitions affecting the Rarita-Schwinger-like tensor, that lead 
to convenient alternative presentations of the unconstrained Lagrangians, while in eq. (2.57) the 
special choice k = 1 will lead to somewhat simpler expressions, and therefore from now on we 
shall often stick to it. 
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In conclusion, our two-family Lagrangians are finally given in eq. (2.61), a result that can be 
also presented in the more compact form 

+ \ r?'^' 7' >^{2,i} T,, 7fc W + ^ v'' ^2,2} Tij Tki W ) 

+ \Uij,ld^i\^j) + 1 ^'=a(.T,.fc)W+ ^7'5(i7,)feW (2.64) 
+ I 5'%i}r,,-7,W - ^ 7''5(^in2,i}^.fc)7^W - I v''Y^,^,}T,jj^,di)W 

where we have indicated concisely the Young projections that give rise to the various structures 
in eq. (2.61). The corresponding gauge transformations for the Lagrange multipliers are then 

1 1 

S>^ijk = 3 d(idjek) + ^ 7' {7{idjdk)€i - 'yid^idjCk)) 

+ ^ d^{2T^ijdk)ei - Ti^.djek)) - ^ 7'^ {2T^ijdk)ei - Ti^^dje^)) (2.65) 

In practice this type of choice favors, at every stage, structures with higher numbers of Tij 
tensors, that enter the various expressions via their most antisymmetric projections. These 
have a relatively simple structure, and as we shall see shortly this choice will prove particularly 
effective in leading to Lagrangians for fields with an arbitrary number of index families. In the 
one-family case, the K-dependent Lagrangians of eq. (2.57) clearly reduce to the result of [17, 19]. 
In a notation that is essentially as in those papers but with the scalar product of Appendix A, 
they would read 

C = ^{^,yV-^^\^-^r,W') + ^U,d-\j(^)-^{^,d-W') + ^{~X,Z)+h.c.. (2.66) 

In addition, the terms not involving the compensators or the Lagrange multipliers, that are 
independent of k, are relatively simple and yet quite interesting, since they determine completely 
the constrained two-family fermionic Lagrangian leading to the (non-Lagrangian) Labastida 
equation of [30]: 

2 2 2 12 (2.67) 

+ -rj'Jj'^{2Tijjk-niilj))S+-ri'^ri'''{2TijTki-Ti^kTi)j)S) + h.c. . 

Let us conclude by noticing that, in analogy with the bosonic case of [2], once the are ex- 
pressed in terms of the independent ^'j multipliers, eq. (2.57) acquires a further gauge symmetry, 
related to shifts of the Lagrange multipliers of the type 

6X ijk =V'"' Mijk, Im + l'"^ Nijk; im , (2.68) 



18 



where M^jk im and Nijk-im are {4, 1} projected in their family indices and are related according 

tol2 ' ' ^ 

^ij{k;l)m + ^kl{i;j)m = " 2 ( "i, fe' + ^klm,ij) ■ (2.69) 

In fact, making use of eq. (2.17) one can see that the shift (2.68) gives rise to 

- (^ijk;mn, {lmn{iTjk) " T(^ijTk)[ml n]) ( " d^'^l)) + ^.C 

Indeed, the first scalar product can give contributions in the {5}, {4, 1} and {3,2} representa- 
tions. On the other hand, the first term in the second scalar product (that actually vanishes 
when only two families are present) can give contributions in the {3, 1, 1} and {2, 1, 1, 1}, and 
finally the last can give contributions in the {4, 1} and {3, 1, 1}. Therefore, if the M and N 
parameters are {4,1} projected and are related to one another as in eq. (2.69), an interesting 
symmetry of the Lagrangian (2.57) emerges, that actually continues to hold in the presence of 
an arbitrary number of index families. This symmetry, as we have already stressed in [2] when 
discussing its bosonic counterpart, reflects the lack of independence of the Labastida constraints 
on the gauge fields, that we displayed in eq. (2.19). As we shall see in Section 2.3, it manifests 
itself rather clearly when one tries to reduce the Lagrangian field equations to the Labastida 
form, since all contributions that can be shifted away by (2.68) are left undetermined. Further- 
more, as in the bosonic case, an important lesson to be drawn from this symmetry is that only 
part of the gauge transformation (2.48) of the Lagrange multipliers Xijk is effective when one 
works with the independent ^ i compensators. 

One can also present the Lagrangians (2.57) in a difi"erent form, that proves very convenient 
when deriving their field equations. A similar rewriting was already described in [2] for Bose 
fields. As in that case, it can be built starting from the Lagrangians for fields if) not subject to 
any constraints but realizing nonetheless only the constrained gauge transformations of eqs. (2.6) 
and (2.9), 

>Cc = ^ (V^, 5 - ^ T^i - ^ ri''T,,S - ^ 7'^'7.j-5 + \ r?^^' 7' %!} T,, 7^ 5 

+ ^ rf' y{2,2} Tij TkiS) + ^{ Cijk , T^ij ^k)) + h.c. , 

obtained introducing the Cijfc Lagrange multipliers. These enforce on-shell the Labastida con- 
straints (2.18), and as a result are to transform as the X^jk did in eq. (2.48). Any of the 
K-dependent transformations (2.48) grants the gauge invariance of (2.71), on account of the pre- 
vious discussion, while the unconstrained Lagrangians of eq. (2.57) can be recovered performing 
the K-dependent Stueckelberg-like shifts 

Cijfe ^ Ayfe - Ai^fe(5'), (2.72) 

where A.jjfc(^) is the combination that maps the Cj^fe into gauge invariant expressions. From 
the technical viewpoint, the explicit rewriting of these unconstrained Lagrangians (2.57) involves 

^^Hcrc and in the following a semi-colon separates symmetric and antisymmetric subsets family indices, so 
that, for instance, Nijk-im is symmetric under interchanges of k) and is antisymmetric under interchanges of 
I and m. 
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(2.70) 



2.71 



precisely the same steps of the previous direct derivation, but this presentation makes it possible 
to relate the equations of motion for ■?/;, the and the Ajjfe to the simpler ones of eq. (2.71). 

Finally, we would like to call to the reader's attention that, as in the bosonic case, one could 
also work with independent ^ij compensators, at the cost of adding to the Lagrangian (2.57) 
new gauge invariant multipliers pij according to 

£7 = {pij , ^ 7(i^i) - Uj) + li.c. . (2.73) 



2.2 The field equations 

In the previous section we described three different classes of Lagrangians for "two-family" Fermi 
fields or, equivalcntly, for "two-row" reducible spinorial representations of the Poincare group. 
We first presented, in eq. (2.57), the Lagrangians for unconstrained spinor-tensors ip. We then 
recovered from them, in eq. (2.67), their counterparts for fields that are subject to the triple 
7-trace constraints (2.18). In this second presentation, the Lagrangians are only invariant under 
gauge transformations whose parameters are subject to the 7-trace constraints (2.9). Finally, in 
eq. (2.71) we exhibited Lagrangians that involve unconstrained fields but are still only invariant 
under constrained gauge transformations. Now we would like to derive the field equations that 
follow from all these Lagrangians. To this end, it is convenient to start from eq. (2.71). 

The field equations for the Lagrange multipliers Cyfe read 

■■ i^'^iij'^k) = 0. (2.74) 

On the other hand, the field equation for the gauge field '0 requires more work, since one must 
combine the terms displayed in eq. (2.71) with their hermitian conjugates, and this step requires 
an extensive use of some of the identities collected in Appendix B. The end result is 

^ (2.75) 

where 



can be regarded as the fermionic analogue of the Einstein tensor of [12, 2], and the 



(2.76) 



(2.77) 



are totally symmetric under interchanges of their family labels. Eq. (2.76) generalizes the Rarita- 
Schwinger spinor-tensor to the case of mixed-symmetry higher-spin Fermi fields, and can be 
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also recovered gauging away the compensators in eq. (2.58). For the constrained theory with 
Lagrange multiphers of eq. (2.71), combining eqs. (2.74) and (2.75) leads to 

: S -lri'^l'yijk = 0. (2.78) 

Let us add a few comments on the role of eq. (2.78) in the fully constrained framework, where 
naively the spinor-tensors yijk should not be present. In fact, when dealing with constrained 
fields one cannot conclude directly that 

£ = 0, (2.79) 

since in general 

T^ij7k)£7^0, (2.80) 

in apparent contrast with the properties of the gauge field ip. However, a field equation satisfying 
the same constraints as the gauge field obtains after eliminating the yijk tensors from eq. (2.78). 
The proper projection is thus encoded in the tensorial structure of the yijk, that hence can play 
a role even in the constrained theory. We shall provide an explicit example of this fact in 
eqs. (2.180) and (2.195), where we shall display various presentations of the equations of motion 
for a rank-(3, 2) field. Notice that the projected equations couple to external currents satisfying 
the Labastida constraints, thus extending the Fang-Pronsdal symmetric setting. However, field 
equations and currents that are jointly redefined to satisfy different constraints lead to the same 
physical current exchanges. 

Finally, the equations of the unconstrained Lagrangians (2.57) follow from eqs. (2.74) and 
(2.75), taking into account that 

SCc = {S^, E^) + {5Ciok, {E^)ijk) + h.c. 

_ _ ~ _ (2-81) 

= E^) + {S^i,diE^ - Aijk{E^)) + {SXijk, {E^)ijk) + h.c. , 

where the Ajj^ are obtained integrating by parts the terms in the Aijk of eq. (2.72). In conclu- 
sion, one thus obtains 

+ ^ il'^ri^'d^{TijZkim + TkiZijm - Tk^iZj^i^) } = 0, (2.82) 
E^ -.diE^ - d^d'^{E-^)ijk - ^7^'7[i|5'5'(£^A)b]fei 

- ^ V'=r,[,|a'a-(E^)i,],^ _ ^^ifc^..5'5-(£:^)«„ 

+ ^^jkT..QlQm^E-,)kim - ^7^Sfe(M9'a-(£;x)|,),„ = 0, (2.83) 
E-^ : i Zi,k = 0, (2.84) 

where now £ denotes the Rarita-Schwinger-like tensor of eq. (2.58), while the yijk tensors are 
built performing the Stueckelberg shifts (2.72) in eq. (2.77), barring some subtleties that we 
shall discuss shortly. Notice that the equations of motion for the compensators ^ i, here written 
for brevity in a form that is not "normal ordered" , simply provide the conservation conditions 
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for an external current coupled to V'- The latter is in fact always conserved as a result of the 
unconstrained gauge symmetry, as in the symmetric construction of [17, 19]. 

We would like to conclude this section with some comments on the Xijk Lagrange multipliers 
and on the Stueckelberg shifts (2.72) since, as we anticipated at the end of Section 2.1, some parts 
of the naive gauge transformation (2.48) of the Xij/. have no effect on the Lagrangian when the 
compensators are expressed in terms of the . These parts could well be discarded, and different 
choices give rise to different definitions of the Stueckelberg shifts for the Cijfc in eq. (2.72). The 
reader familiar with the construction of [2] will probably notice a close analogy with the behavior 
of bosonic Lagrange multipliers. In fact, in [2] we identified redundant portions of their gauge 
transformations that made the Bijki tensors, bosonic analogs of the yijk tensors, not gauge 
invariant. This, however, did not affect the gauge invariance of rf^ Vj^^ Bijku the combination 
that enters the field equations of the bosonic gauge fields. In a similar fashion, the yijk tensors 
that enter eq. (2.82) are not invariant under the gauge transformations of eqs. (2.6) and (2.10) 
when these are combined with the naive gauge transformations of the Xij^ multipliers given in 
eq. (2.48), since 

Syijk = ^'"*^{4,i}{'^(^'"i^(i^J^fe) - Ti(^idjdk)em) - 3 ( 1 - k ) 7^ ( j 5^- 9^) e„j } 

+ ^ 7''"^{4,i} T](i5j(9fc)em - (l-/«) ilimd^idjek) + 7i{idjdk)em) }, (2.85) 

but proceeding as in (2.70) one can see that rf'-' '^^ y-ijk is properly gauge invariant. For both 
Bose and Fermi fields, dropping the redundant terms one can define gauge transformations for 
the multipliers that make the Bijki or the yijk directly gauge invariant. Alternatively, if one 
were to work with the naive transformations of the multipliers, the resulting gauge variation 
(2.85) of the yijk tensors could be compensated by a particular shift under the additional gauge 
symmetry of eq. (2.68). This, as we have seen, gives rise to the transformations 

5 yijk = Mijk,lm + t''" iVi,fe;/m , (2-86) 

with two {4, 1} projected parameters, and the two contributions present in eq. (2.85) also satisfy 
eq. (2.69), that relates to one another the two parameters M and N of the additional shift 
symmetry. At any rate, the additional shift symmetry (2.86) is present independently of the 
choice of gauge transformation for the multipliers, provided one works in terms of the ^j. 

These observations are particularly important when the unconstrained theory is built making 
use of Stueckelberg shifts starting from the Lagrangian (2.71): in this case the yijk are gauge 
invariant by construction, but if one starts from the naive gauge transformations of the multi- 
pliers the result is not expressible in terms of the composite compensators ^ij{^). In order to 
illustrate this fact, it is convenient to split the expression obtained via the naive Stueckelberg 
shift (2.72) in eq. (2.77) as 

yijk = y^'-hjk + i'y^''\jk,i + v'^'y^^Ujkjm + i'"'y^''\jk;im- (2.87) 

The first term contains the contributions that are already visible in the symmetric case 
y^^hjk = «| Ajjfe - ^ T(^ijdk)ip + ^ □7(jCjfe) + —Yg~ ^''^i^ii^jk) 
d^d(iljik)l 



2K-3 



18 



(2.88) 



'^^Notice, however, that in the symmetric, or one-family, case the /t dependence disappears. 
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The second term adds some contributions that first emerge in the two-family case but are still 
insensitive to the redundant portion of the gauge transformations of the Lagrange multipliers, 
and at two families reads 

- 2 07i(i^jk) + 2(1 -k) ^{2-fid(^i^jk) - d(i-ijik)i) 

1 m/ (2.89) 

_ 1 5"* {2-fi^d(^iCjk) +^li{idjik)m + lm{idjik)i) I • 

On the other hand, the naive form of the third and the fourth terms in eq. (2.87) contains some 
contributions with bare *i compensators, and reads 

y^'^\jk,im = ^y{2„2}^Ti^T(^ijdk)i}+ 2(1 - k) (27(j9j9fc)^i„+ 7(z ^m) ^(i^jfc) ) 

- 2 ^ {"^Irnlii^jk) + T(^ijlk) ^Im + 1 {l\T{ij ^k)\m) ) (2.90) 

- - 5" {lnT(^ijdk)ilm + InTlmd^iijk) + d (^iJ j ^ k) n + T(^ij 9 k) 1 {I ^m)n) | 

+ ^%i}|«^(27]^5(j5j^'fe) - T^^^idjdk)'^\m)) - 3(l-A«)7(/|(i9j9fe)^'|^)| 
for the third term and 

(2.yij 

- (1 -«) (27Zm5(i9j*fe) + J[H^idjdf,)-^\m]) I 

for the last one. The terms containing bare ^ i compensate precisely the gauge variation (2.85) 
of the previous, ^ij dependent, yijk tensors. 



2.3 On-shell reduction to 5 = 

We can now conclude our discussion of two-family fields by showing how the three sets of 
Lagrangian field equations described in the preceding section are equivalent to the Labastida 
equation of motion 

5 = 0. (2.92) 

In analogy with the case of Bose fields [2] , in the following we shall discuss how this result can 
be attained either directly or after fixing extra Weyl-like gauge symmetries that emerge for the 
Lagrangians in sporadic low-dimensional cases. 

To begin with, wc would like to recall that the equations of motion for ip that follow from 
the Lagrangians (2.67) and (2.71) can both be cast in the form (2.78). In addition, combining 



^''in Section 3.4.1 wc shall sec that cq. (2.92) and the (constrained) gauge symmetry (2.6) suffice in general to 
turn the spinorial gl{D) representations carried by tp fields into their o{D — 2) counterparts, as expected in view 
of the uniqueness of S. 
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eqs. (2.82) and (2.84) and gauging away the compensators, the field equation for 'ip following 
from the Lagrangian (2.57) can be also reduced to eq. (2.78). Thus, for all three Lagrangian 
theories that we presented one is led to discuss the reduction of 

E^: S-^ 7'^* - I v'^TijS - ^ j^^j^jS + ^ r/^^' 7' ( 21^. 7fc " (, 7,) ) ^ 

+ ^ v''v'''{'2TijTM-T,^kTi)j)S - in'^j'^y^jk = O, (2.93) 

■ '^iij ^fe) = =^ T^ij ^k)=^, (2.94) 

to the Labastida form (2.92), where of course in the constrained case the second condition holds 
even off shell. 

To this end, one can conveniently adapt the procedure developed in [2] for AT-family bosonic 
fields. The picture one has in mind is that whenever eq. (2.93) does not reduce directly to the 
conditions 

<S = 0, 

yijk = 0, (2.95) 

additional symmetries are present. In fact, this is equivalent to stating that the homogeneous 
equation (2.93) admits non-trivial solutions aside from eq. (2.95), and now we would like to 
classify and describe these "pathological" cases. Actually, we already came across a phenomenon 
of this kind in Section 2.2, where we saw that eq. (2.93) is left invariant by the shifts of the 
y^jk defined in eq. (2.86) . In this case the undetermined quantities do not affect the portion of 
the field equation involving 5, and are thus immaterial insofar as its reduction to the Labastida 
form is concerned. At the same time, they can be gauged away directly, making use of the shift 
symmetry of the Lagrange multipliers identified in eq. (2.68). 

We can now show that, in sporadic examples with low space-time dimensions, some 7-traces 
of the spinor-tensor <S are left undetermined, a phenomenon that is however accompanied by 
the emergence of new Weyl-like gauge symmetries for the field ■0. These are precisely as needed 
to gauge away the undetermined quantities, thus making it possible to complete the reduction 
to the Labastida form. Let us stress that this peculiar behavior is already visible for symmetric 
spinor-tensors, since the Rarita-Schwinger equation (2.93) for a gravitino can be cast in the form 

5^ - ^ 7m7-5 = 0. (2.96) 

In two dimensions this formal expression only involves the 7-traceless part of S, and thus appar- 
ently one cannot use it to set to zero its 7-trace. However, precisely in two dimensions Weyl-like 
shifts of the form 

<5V^ = 7/.^^ (2.97) 

become a symmetry and make it possible to gauge away the undetermined quantity. Again in 
partial analogy with the case of two-dimensional gravity, this behavior is accompanied by the 
vanishing of the Rarita-Schwinger Lagrangian, and thus of cq. (2.96) when it is expressed in 
terms of V'. This property is manifest in the usual presentation of the Lagrangian, 

C = '-il^^-l^^'Pd^i^p + li.c. , (2.98) 
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simply because the fully antisymmetric '~^^^'^P vanishes in two dimensions. In the following we 
shall see that the whole class of one-column fully-antisymmetric fields exhibits a similar behavior 
in low enough space-time dimensions, but in generic mixed-symmetry cases the situation is more 
complicated, and in particular there are Weyl-invariant theories whose Lagrangians do not vanish 

identically. 

Before starting our analysis of generic two-family fields, let us recall that the relevant S 
spinor-tensors are to satisfy the Bianchi identities, that reduce to 

^i-. diS - ^ ^ - ^ d^TijS - ^ d^-iijS = (2.99) 

after maJiing use of the constraints (2.94), and are in addition to preserve the constraints 

T^ij^k)=0. (2.100) 

As we have seen, these conditions are identically satisfied in the constrained case, while in the 
unconstrained case they hold after enforcing the field equations for the Lagrange multipliers. At 
any rate, out of the non-trivial solutions of eq. (2.93), or equivalently out of its shift symmetries, 
one must thus consider only those satisfying both (2.99) and (2.100). This key observation 
greatly simplifies the search for the field equations that do not reduce directly to the Labastida 
form, since non-trivial shifts of the Bianchi identities provide a most convenient starting point 
to attack the problem. The Bianchi identities really lie at the heart of the Rarita-Schwinger-like 
tensors, and we shall see shortly that all their shift symmetries also leave the field equations 
invariant. 

In principle, eq. (2.93) can admit shift symmetries of the form 

55 = 7*Oi, (2.101) 

and now we would like to classify those preserving the Bianchi identities (2.99). In general, 
under shifts of the form (2.101) they vary according to 



1 
2 



1 



(2.102) 



where {^j) denotes the Bianchi identities for the parameters flj. Thus, if the conditions 

{D -2)ni + 2SU^j = (2.103) 

are satisfied by non-trivial parameters fij that are themselves subject to the Bianchi identities, 
the corresponding shift (2.101) preserves indeed eq. (2.99). Before presenting the solutions of 
this eigenvalue problem, we would like to stress that eq. (2.103) is clearly a sufficient condition 
to identify a symmetry of the Bianchi identities. In the general case, in fact, the contributions 
that appear in eq. (2.102) could in principle balance each other. However, one can proceed 
to look for solutions in an iterative manner, analyzing directly more complicated shifts of the 
Bianchi identities that involve more than one "naked" 7-matrix. 



'^^Covariance justifies this assertion, although we cannot exclude degenerate cases where further cancelations 
take place. An example of this type is indeed the highly degenerate case of the {2, 2} field in two dimensions, 
that however is also captured by our analysis. 

^^With a slight abuse of notation, both in this section and in Section 3.4, with and "Bianchi identities" we 
shall often denote the left-hand sides of eqs. (2.99). 
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At two families a more general shift involving pairs of 7-matrices is fully available, so that 
one can also consider 

SS = ri'^nij + -f'^nij, (2.104) 

where the two parameters are symmetric and antisymmetric, respectively, in their family indices. 
This new type of shift gives rise to a more complicated variation of the Bianchi identities. 



1 

2 

1 



(2.105) 



(L'-3)ri|j]fe-25 ^jjUki + ^\j]k 
where we have conveniently introduced the new quantities 

1 j = 1 ij - ^ 3^ 



(2.106) 



that belong to a class of operators described in Appendix B. One can thus identify some purely 
algebraic conditions granting that (2.105) vanish. 



iD-3)n,, = 0. 



(2.107) 



These eliminate all terms involving ^ from eq. (2.105). All the rest then evidently vanishes, 
provided the ^lij and flij satisfy the Bianchi identities, with the single exception of the second 
line However, this can be turned into the second of eqs. (2.107) using the first and noticing 
that ^ 

S''{iS''j)^kl = T^i^'^iil ^ ^''\j)]^kl = - S''(^ii^j)k ■ (2.108) 



The present setting becomes degenerate at the next step, since a fully antisymmetric 'jijk is 
clearly not available with only two families. As a result, the next shift in the iteration takes the 
form 

SS = v''l''^ij;k, (2.109) 

and gives rise to the variation 



2^^ 



{D-2)nij.i+ + 2S^in 



1 



- j'^ d"^ {D - 2)^i^.k + ^k(l;m)+ S'^{^i^rn)n;k- ^ -S""!; O ^] ( ; „) 



12 ' 



k QUI 



2(I?-l)f),[,^,„] - 35"[^J^^i[fc.„] + v''l'^ii^ij;k) 



(2.110) 



^^Noticc that these new parameters are not special cases of the previous ones, as one might naively think, since 
they are selected by different conditions. 
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of the Bianchi identities. Again, the conditions that ehminate the terms with ^, 



0, 



(2.111) 



set to zero aU other contributions if the parameters satisfy themselves the Bianchi identities. 
Indeed, the second condition in (2.111) imphes that ah combinations of parameters giving rise to 
a {2, 1} Young projection in family indices vanish, and consequently the first condition reduces 
to 



SDOijfc + 2S''(jf2jfe); = 0, 



where 



^{3} ^ij;k 



{ij;k) 



(2.112) 



(2.113) 



We shall see shortly that eqs. (2.112) admit solutions at two families, while in Section 3.4 we 
shall also see that {2, l}-projected combinations of parameters become available in the presence 
of more than two index families, when the second condition in eq. (2.111) acquires further 
contributions. 



In principle one should move on and consider shifts of the form 

SS = v''v'''^ij,ki + ri'^l^'^ij-kl, 



(2.114) 



since only two types of parameters with four indices are available with only two families. The 
corresponding variation of the Bianchi identities reads 



{D — 3)^ij-kl — ^l{i-j)k~ ^ij,kl + '^S^ii}.ij-km 



3 



D-3)n 



ij ■,k\m] 



n 



\m]{i;j)k 



^ t j , fc I m ] ~l~ 2 5 \ m] ^ ij ; kn 



S"^{k^l}m,ij + S™'{k\^ij;\l)m 



- ^ri'^d''[{D + 2) ((L»-3)fi,,;fc,- - 2iD-l)ni[k;l]j 



- S' 



[k^l]{i;j)m 



7 



ij Qk 



1 



6 



(2.115) 



D — 2)VLkl-ij + 2Q^k.i^j + S"\k^}i-)rn;ij 

2{D -2)Qqf,;l]j + ^i[k,l]j+ S"^[k^l]m;ij + S'^ l][i;j]v 
+ V'' ri^"" m{^ij,mn)+ V'' ^'^''m{^ij;mn), 

so that now the conditions 

{D — 3)flij-kl — ^l(i-j)k — ^ij,kl + '^S'^iVLij-km = (2.116) 

eliminate the ^ terms. However, at the end of the present section we shall prove that these 
conditions do not admit any solution for two-family fields, in contrast with the previous ones. 

At two families the iteration stops here. Indeed, eqs. (2.100) imply that all combinations 
of more than four 7-traces acting on S vanish when only two index families are present, and 
therefore the two chains of shifts 



1 



5S = 7?*i^i ... 7 ^Hm,-,ipjp;k, 

UO — II ...II '/ . . . // 7 J'liji, ... 5 



(2.117) 
(2.118) 
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are expected to yield no further information, a fact that we verified using similar techniques. 



We have thus classified the conditions characterizing the relevant symmetries of the Bianchi 
identities. While we shall discuss in some detail the corresponding eigenvalue problems in 
the second part of this section, we can now elaborate further upon the conditions imposed 
by eq. (2.100), before showing that all the resulting transformations actually leave eq. (2.93) 
invariant when they are combined with proper shifts of the yijk- The symmetrized triple 7-traces 
of eq. (2.101) read 



\k) 



(2.119) 



and thus lead directly to Labastida-like constraints for the satisfying the condition (2.103). 
In a similar fashion, the symmetrized triple 7-traces of eq. (2.104) read 



\jk) 



\k)i 



2 i^S™' \k) ^Im 



I \ k)m 



(2.120) 



and when eq. (2.107) holds they lead again to Labastida-like constraints for the $7^ and 
parameters. As we shall see, however, this particular set of conditions does not play a role at 

two families, since all solutions of eq. (2.107) correspond to fields bearing only a few space-time 
indices, for which the Labastida constraints are trivial. On the other hand, for the shift (2.109) 
the conditions (2.100) read 



+ 



+ 2^ 



Im 



T(ij^k)[l;m] 



D {D + 2)Q(^ij.k) + 2D S^iQ jk)-i+ {D + 2) S\i\Uiy.k) S\iS'^jQk)m;i 



1 



life); 



+ S'"''\jQ.k)m;l 



7l'"'rT^ij7k)^lm;n. 



(2.121) 



They play a crucial role in the ensuing analysis, and reduce once more to Labastida-like con- 
straints on these additional parameters when (2.111) holds. This becomes manifest after elim- 
inating the {2, 1} component in the family indices from the parameters, as demanded by 
eq. (2.111), and making use of the rewriting in eq. (2.112). 

We can now close the circle, showing that the shift symmetries with parameters satisfy- 
ing Bianchi identities, Labastida-like triple 7-trace constraints and the algebraic conditions of 
eqs. (2.103), (2.107) and (2.111) leave the equation of motion (2.93) invariant, when they are 
combined with proper dyijk shifts. Let us begin by considering the shift (2.101), that at two 
families affects the Rarita-Schwinger-like tensor of eq. (2.76) as follows: 



5£ 



7 



{D-2)ni + 2S^in, 



1 

12 



+ -^ri''rY{2,i}Tij iD-2)nk+ 2S'k^i 



(L>-2)J)|j]+ 25^=1,] J^fe 
Iv'h'nij^k) 



I V'' rf^' ^{3,1} ( ^{2,1} Ti3 lk)^l-\ ri'^l"' i"{3,l} ( ^2,1} T^Jlk)^l 



(2.122) 



+ 



12 



^ij ^kl ^ m Y^^^^^ ( y^2,2} T,,- Tkl)^m. 



28 



The first three groups of terms vanish whenever eq. (2.103) holds, while at two families the others 
carry Young projections with more than two columns. As a result, in the variation of (2.93) 
they can be compensated by proper Q-dependent shifts of the yijk tensors. In particular, the 
contraction of all indices with invariant tensors makes it possible to factor out from all surviving 
terms the symmetric combinations r]^^^ -f^^ that accompany the yijk, so that one can indeed 
conclude that the equation of motion (2.93) is left invariant by the transformations 

5S = Y^i, 

syijk = -^|r(i,Ojfc)- ^7'(27,r(,,-Ofc)- r,(,7,0fe)) 

+ ^ry''"(2T;^T(,, J^fe)- r,(,|T^I, J^fe))| , (2.123) 

with the rti satisfying the conditions (2.103). However, not all resulting solutions are relevant, 
since, as we repeatedly stressed, one is also to preserve eq. (2.94). 

As wc shall sec, for the simple shifts (2.104) that solve eq. (2.107) the invariance of the field 
equation (2.93) can be verified almost by inspection. However, in order to better understand 
the behavior of the equation for ip under Weyl-like transformations it is interesting to look at 
the variation of the Rarita-Schwinger-like tensor induced by generic shifts of the type (2.104): 



ss = -\n 
1 

+ 6^ 



{D-A){D 



^ ) ^ 



{2D -l)S^u^ 



3\k 



kl 



1 



1 

12 



+ ^v'h'''y{3,i}{2Tijnki-T^ 



9 
1 



^{3,1} ( ^{2,1} Tij S'^k)^ 



Im 



^ {^{2,1} Tij 'J k) 0,1m- (^2Tij'y(^k^l)m-l{iTj)(k^l)m^ 



(2.124) 

The last three lines contain terms that can be compensated by shifts of the yijk, while the 
two-column projected terms are to vanish by themselves. Although in this case the conditions 
are more complicated than those emerging from the Bianchi identities, one can verify that all 
these terms vanish whenever eq. (2.107) holds. In particular, the first, third and fourth groups 
of terms involve only rewritings of the second line of eq. (2.105), while the second group can 
be disposed of expressing everything in terms of fi. Although one cannot exclude that these 
complicated conditions admit other solutions aside from those of eq. (2.107), as we pointed out 
at the beginning of this section we are only interested in "physical" solutions, that as such also 
preserve the Bianchi identities (2.99) and the Labastida-like constraints (2.100). 

The last class of relevant shift transformations appears in eq. (2.109). We already pointed 
out that the conditions (2.111) imply that the {2, 1} family-index component of the param- 
eters vanishes, and this suffices to prove the invariance of the field equation (2.93). In fact, 
eq. (2.112) suffices to replace all terms containing the 5*^ operators with others where only 
the parameters appear. As a result, the variation of the Rarita-Schwinger-like tensor can be 
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manifestly compensated by suitable 6 ytjk transformations, since all combinations of 7-traces of 
the parameters only admit projections in their family indices with at least three columns. This 
concludes the proof that the relevant shift symmetries of the Bianchi identities give rise to shift 
symmetries of the field equation (2.93). Furthermore, the direct variation of the field equation 
shows that the Bianchi identities greatly simplify the analysis of the relevant conditions, that 
could prove a non-trivial technical task otherwise. 



2.3.1 Weyl-like symmetries 



In the first part of this section we identified the conditions that forbid the direct reduction of the 
field equations to the Labastida form, and in the following we would like to present a list of the 
types of two-family fields exhibiting this phenomenon. As a first step, however, we shall display 
Weyl-like transformations for the ip fields that can gauge away the undetermined quantities. Let 
us begin from the simplest class of fields with pathological equations of motion, those admitting 
the shift symmetries (2.101) with parameters satisfying eq. (2.103). A Weyl-like shift of ip of 
the form 

Si/j = j^Qi (2.125) 
gives rise to the corresponding variation of the Fang-Pronsdal-Labastida tensor. 



6S 



(L>-2)efc + 25^gJ -I'^SiQk 



(2.126) 



Eq. (2.103) is an algebraic condition that depends only on the space-time dimension D and on 
the tcnsorial structure of the parameters involved, and whenever it admits non-trivial solutions 
eq. (2.126) reduces to 

5S = -7^5(9^), (2.127) 

while the variation of the Labastida constraints or, in the unconstrained case, the field equations 
(2.94) for the Lagrange multipliers, reduce to 



Notice that the <S ( 6 ^ ) satisfy the conditions 

{D-2)S{@i) + 25^5(6,) 



0, 



(2.128) 



(2.129) 



since the S^j commute with the Fang-Fronsdal-Labastida S operators. Furthermore, they satisfy 
the constraints (2.100) provided the shifts (2.125) are supplemented by the conditions 



(2.130) 



that are needed to preserve the Labastida constraints (2.18) on ip. These conditions also imply 
that the S{Qi) satisfy the Bianchi identities, so that one can use them to gauge away the 
corresponding undetermined quantities in the field equations. 



In a similar fashion a shift of the form 
gives rise to the following variation of the Labastida tensor: 



Qjk — (j@k)l 



SS = - id^j'' 



(2.131) 



(2.132) 
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Even in this case, whenever the Lorentz structure of the gauge field ^ guarantees that the 
conditions (2.107) be satisfied, one can properly choose the parameters Qij and Qij so that 

T^ij^k)Si^ = r]^"'T^ijJk)&lm + y"'T^ij-fk)@im, (2.133) 

with the S{@ij) and S{@ij) satisfying the conditions of eq. (2.107). As in the previous 

case, these quantities also satisfy the Bianchi identities once one requires that 5tl> preserve the 
Labastida constraints. Therefore, further undetermined quantities can be shifted away, as in the 
previous example, by the Weyl-like gauge transformation (2.131), with parameters satisfying the 
conditions (2.107) and the corresponding Labastida-like triple 7-trace constraints. 

The last class of shift symmetries that we identified involves three 7-matrices, and one can 
dispose of it via the Weyl-like gauge transformations 

= rj'jjkQ^.^^^ (2.134) 
that affect the Fang-Fronsdal-Labastida tensor according to 



(2.135) 



Again, whenever the conditions (2.111) hold, one can factor out the invariant tensors, and a shift 
of (S emerges that is capable of removing the undetermined quantities. Once more, the leftover 
Weyl parameters @ imn are fully symmetric in their family indices and must satisfy triple 7-trace 
constraints of the form 

T(ijlk)Olmn = 0, (2.136) 

in order to leave eqs. (2.94) and the Bianchi identities invariant. 

These observations actually suggest an alternative starting point to classify the fields whose 
equations of motion do not reduce directly to the Labastida form (2.92): one can classify the 
Weyl-like shifts of i/j, that by construction also leave the Bianchi identities invariant. We defer 
further comments to Section 3.4, where we shall adopt this convenient viewpoint to study the 
reduction procedure in the general A?^-family case. 

We can now take a closer look at the previous conditions. As we anticipated, and as we are 
going to see in detail shortly, while cqs. (2.103), (2.107) and (2.111) admit non-trivial solutions, 
eqs. (2.116) do not. In all these cases one is facing eigenvalue problems for the 5**^ operators 
that can identify Weyl-like gauge transformations, but whose solutions are to be subjected by 
further conditions arising from triple 7-trace constraints. At two families the eigenvalue problems 
greatly simplify, since one can resort to the gl{2) techniques already described in [2] for Bose 
fields. In fact, turning to the suggestive notation 

L+ = S\ , = S\, L3 = ^ {S\ - S\) , (2.137) 

one readily recovers the angular momentum algebra 

[L3,L±] = ±L±, [L+,L_] = 2L3, (2.138) 



31 



while looking at their definition in eq. (A. 13) one can recognize that S^i and S^2 act diagonally 
on generic spinor-tensors ip of rank (51,52), with 

S\ij = siiP, S\ij = S2ip. (2.139) 

In order to proceed, it is thus convenient to split the problems into combinations of simpler 
ones, expanding in bases on which the "total angular momentum" acts diagonally. For 
instance, a gauge field tp of rank (si, S2) can be decomposed according to 

V' = E y{s^+S2-n,n}^ = E ^{s^+S2-n,n} ^ (2.140) 
n=0 n=0 

where the various components are characterized by the same L3 eigenvalue, that is fixed by the 
rank of tp to be 

m = '-^^ . (2.141) 
2 ^ ' 

The terms of the sum (2.140) corresponding to Young projections of the type Y^g^^g^_^ ,^y can 
be related to null eigenvectors of via the standard descent relations 

^{si+S2-n,n} ^ (2v_)*2-n^{si+S2-n,n} ^ ^{si+S2-n, n} ^ (2.142) 

so that they are all eigenvectors of L^, but in general with different eigenvalues. The tp lie at 
the tips of the chains and are clearly gl{D) irreducible in their vector indices on account of 
eq. (A. 13). In fact, they are annihilated by L+, so that a vanishing result obtains if one tries to 
extend the symmetrization beyond the first family. On the other hand, the lower members of 
the chains in the decomposition (2.140) are built acting on the ip with powers of L_, and as a 
result their symmetry is not manifest. However, they are still eigenvectors of Yjj^^+^j-n.n}! ^^^^ 
commutes with L_ simply because the permutation group acts irreducibly within individual Y 
eigenspaces. All in all, the operator 

L_L+ = - L| - L3 (2.143) 

is diagonal when acting on this basis, whose members ip{^'L+^2-n,n} g^^.^ characterized by the 
fixed value (2.141) for m and by a range of values of i, 

2 2 ~ ~ 2 

so that 

L_L+^{^i+*2-n,n} ^ („_5^_i)(^_52)^{^i+«2-">"}. (2.145) 

In the rest of this section we shall make extensive use of these tools to analyze the algebraic 
conditions that we previously identified, and we shall conclude with some comments on the 
solutions and with the identification of a special subclass of fields whose Lagrangians vanish 
identically, as is the case for the Rarita-Schwinger field in two dimensions. The discussion of the 
eigenvalue problems for the S^j operators is somewhat technical, and the reader may wish to 
skip the following pages and move directly to the tables that collect their outcome. Their two 
columns are labeled by ^ and S' and collect the types of fields whose equations of motion leave 
some combinations of single or double 7-traces of S undetermined. In fact, the solutions of the 
eigenvalue problem (2.111) only act on the symmetrized triple 7-traces of S, and therefore will 
be discarded. 



32 



Analysis of eq. (2.103) 



Using the notation of eq. (2.137) and taking into account the previous considerations, for a 
two-family field of rank (si,S2) the conditions (2.103) become 

{D + 2si-A)Q.i + 2L_n2 = 0, 

(£> + 2s2-4)J22 + 2L+J^i = 0. (2.146) 

Barring a couple of degenerate cases to be treated separately, this system can be solved by 
direct substitution. Thus, expressing J72 in terms of Hi and decomposing it into irreducible 
gl{D) components, using the notation of eq. (2.140) leads to 

(D + 2n-4)(D + 2si + 2s2-2n-4)(J7i){^i+"2-n-i,n} ^ < n < S2 • (2.147) 

The second factor vanishes only in the degenerate cases where the direct substitution is not 
possible. These correspond to the two-dimensional gravitino, that we have already discussed, 
and to another two-dimensional field, the {1, 1} irreducible spinor-tensor, for which however <S 
vanishes identically when expressed in terms of ip. On the other hand, the first factor vanishes 
in D = 2 for n = 1 and m. D = A for n = 0, but for all si > 2 and S2 > 2. These solutions are 
to be subjected to the double trace conditions 

T^ijlk)^l = 0, (2.148) 

that, as we shall see shortly, eliminate some of them. The final results are collected in the first 
column of Table 1. 

Each value of n selects a particular irreducible component for the vector indices carried by 
the parameters, and consequently not all irreducible components of the kinetic spinor-tensor (or 
of the field, if one takes eq. (2.125) as a starting point) can be affected. In particular, for these 
two classes of solutions the resulting shifts of 5, 



satisfy the conditions 



L_L+SS = {si-l){s2-2)6S , D = 2,n = l, 

L_L+5S = si{s2-l)dS , D = 4:,n = 0. (2.150) 

Comparing these eigenvalues with eq. (2.145), one can see that eq. (2.149) affects only the 
{si+S2 — 2, 2} component of 5 in D = 2 and its {si+S2 — 1, 1} component in D = A. However, the 
Weyl-like transformation (2.149) corresponding to the first solution in (2.150) disappears if the 
parameter is subject to the condition (2.148), but the corresponding undetermined quantity in 
the field equation E^p disappears as well on account of E^. The {2, 2} field in two dimensions is a 
notable exception, since it is not subject to any Labastida constraints, but this case is also highly 
degenerate, since the corresponding Lagrangian vanishes identically even before expressing S in 
terms of ijj. All these results can be obtained analyzing explicitly in components the various 
expressions, and the irreducible field components that are left undetermined are collected in the 
first column of Table 2. 
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Analysis of eq. (2.107) 



Moving on to eq. (2.107), one should notice that at two famihes the antisymmetric Qij reduce 
to the single ili2- For a rank-(si, S2) field, the first set of conditions in eq. (2.107) then relates 
12 to the symmetric parameters according to 

= 4L_ O12 , 
^12= -2{si - 82)^12 , 

^22 = -4L+Qi2, (2.151) 

while the second condition becomes 

{D + 31 + 32-5)^12 = 0. (2.152) 

Eq. (2.152) admits non-trivial solutions only for si = 2 and S2 = 1 in D = 2 and for Si = 1 
and S2 = 1 in D = 3, and these are indeed the only cases when non-trivial flij are admissible. 
In both cases only symmetric and hooked irreducible field components are available, and the 
pathological behavior clearly concerns the hooked components, since we know already that a 
gravitino in = 2 is the only degenerate symmetric example. At any rate, it is also possible 
to confirm this expectation by a direct calculation similar to those of eq. (2.150). In this case 
eq. (2.100) does not impose any further conditions, since these fields are too simple and are 
not subject to any Labastida constraints. However, one is to discard the {2, 1} case, that is 
degenerate: in this case the Weyl-like transformation (2.131) leaves S invariant, so that the 
7-traces that are left undetermined by the Lagrangian field equation vanish identically. Again, 
this can be seen analyzing explicitly these expressions in components. The final results are 
collected in the second columns of Tables 1 and 2. 



Analysis of eq. (2.111) 

As we already noticed, the second condition in eq. (2.111) annihilates the {2, 1} combinations of 
the shift parameters, so that one can conveniently rewrite the relations directly in terms of the 
fully symmetric i^ijk- This was done in eq. (2.112), whose first line contains a square system of 
equations for the four ^ijk that are available in the two-family case: 

(Z) + 2si -6)1^111 + 2L_Jlii2 = 0, 

2L+J^iii+ (3Z) + 4si + 2s2-10)f^ii2+ 4L_lli22 = 0, 
4L+fiii2+ (3L' + 2si+4s2-10)J^i22+ 2L_J^222 = 0, 
2L+f2i22+ (£> + 2s2 -6)^^222 = 0. (2.153) 

One can solve this system after multiplying the equations by suitable powers of L_ in order to 
convert them into others characterized by the same value of m. The operation corresponds to 
performing some symmetrizations, in order that all equations finally carry like sets of symmetric 
space-time indices. However, these sets can be displaced in different positions on the same 
parameter, so that for instance for a rank-(4, 2) field tp the two distinct combinations 

n^^^^\,^,,^. and n^'^^K(^.,,^.,) (2-154) 

can appear. This problem can be solved projecting the result into irreducible gl{D) components, 
since at two families the various combinations become proportional for any given component. In 
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our algebraic language, this means that the resulting expressions can be manipulated in order 
to leave only the diagonal L_L_|_ operator acting on the various components or on their L_- 
shifted analogues. Suppressing for brevity the superscript introduced in eq. (2.145) to identify 
the irreducible components, when all parameters admit the {si + S2—n — 3,n} Young projection 
the system (2.153) reduces to the following chain of square systems of equations labeled by n: 

{D + 2si- 6)^111 + 2L_Oii2 = 0, 

2(n-si+2)(n-S2)^^iii+ (3L» + 4si + 2s2-10)L_J^ii2+ 4L^J^i22 = 0, 
4(n-si + l)(n-S2 + l)i^-J^ii2+ ( 3L> + 2 si + 4 S2 - 10 ) L?. 122 + 2LiJ^222 = 0, 
2{n-si){n-S2 + 2)Llni22+ ( + 2 S2 - 6 ) L?. 222 = 0. (2.155) 

Their determinants read 



( L> + 2 n - 2 ) ( 3 D + 4 (si + S2) - 2 n - 18 ) ( D + 2 (si + S2) - 2 n - 6 ; 
X (3L' + 2(si + S2) + 2n- 14) , 



(2.156) 



and vanish if and only if D = 2 and n = 0, since < n < S2 and the whole system is available 
only if si > 3 and S2 > 3, and in the remaining degenerate cases no new solutions emerge. In 
D = 2, the n = system has rank three and admits the solution 

nni = -7 Llin222)^''+''-'''\ 

(si - 2) (si - l)si 

^U2 = , \, Ll{h222)^''^''-'''\ 

(si - l)si 

^^122 = - - i^- (0222)^^^+^^-''''> , (2.157) 
Si 

where the fully symmetric ($7222)^*^^^^^^''^^ is also the only non- vanishing component of ^222- 

Actually, this solution also satisfies the second condition in eq. (2.112), but disappears if one 
imposes the triple 7-trace constraints 

T(ijlk)^lmn = (2.158) 

so that it must be rejected. 

More in detail, this can be seen identifying the single irreducible component of the fields 

that is affected by these transformations, since only n = parameters are involved, that are 
fully symmetric in their space-time indices. Substituting the solution (2.157) in eq. (2.109) and 
applying L_L_|_ one finds 

L_L+5S = {si-2){s2-3)5S , D = 2,n = 0, (2.159) 

so that only the {si + S2 — 3, 3}-component of <S is affected. This type of terms can now be 
analyzed in components, showing that indeed the remaining independent parameter satisfying 
eq. (2.158) cannot lead to a non-trivial shift of the form (2.157). This concludes the classification 
of the gl{D) irreducible fields whose equations of motion do not reduce to the Labastida form, 
and the results are summarized in Table 2. 
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Table 1: gl{D)-reducible fields with Weyl-like symmetries 
Analysis of eq. (2.116) 

We can finally show that eq. (2.116) admits no solutions at two families. Its decomposition 
into irreducible Young components for the family indices is more intricate that for the previous 
conditions, and in order to obtain the result it is convenient to proceed via some alternative 
manipulations. For instance, antisymmetrizing eq. (2.116) in the {k,l) indices leads to 

2{D -3)0.ij.kl + ^k{i;j)l - ^l{i;j)k - '^S"\k[^ij;\l]m = 0> (2.160) 

that at two families reduces to three simple conditions for the three available ^ij-kl- 

2(L> + si + S2-6)J^ii;i2 = 0, 

2(L> + Sl + S2-6)f^l2;12 = 0, 

2(Z) + Si + S2-6)i722;12 = 0. (2.161) 

These immediately imply that no solutions exist for D > 2, since the ^ij parameters are only 
available if si + S2 > 4 and the ^ij ^kl are directly related to them via 

^ij;kl = 2 ("^"'(jl + ^ij;10m) ' (2.162) 

that emerges symmetrizing eq. (2.116) in the {k,l) indices and also enforcing the symmetry 
under interchanges of the (i, j) and {k, I) pairs. Still, in principle a {3, 1} or a {2, 2} field in two 
dimensions could admit non-trivial Weyl-like symmetries, but in these cases all parameters are 
scalars and the equations obtained only symmetrizing (2.116) in {k,l) simply reduce to 

^11,12 = ^^11;12 , 

^^11,12 = -f^ll;12, (2.163) 

for the {3, 1} case and similarly to 

^^11,22 = i^l2;12 , 

^^11,22 = -f^l2;12, (2.164) 

for the {2,2} case. In conclusion, the conditions of eq. (2.116) do not admit any solution, as we 
anticipated. 
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Table 2: gl{D)-irreducihle fields with Weyl-like symmetries 
2.3.2 Lagrangians that are total derivatives 

In the preceding pages we have classified the fields whose equations of motion do not directly 
reduce to the Labastida form (2.92). We have seen that this does not happen for Z) > 4, and that 
new Weyl-like symmetries emerge that can gauge away the undetermined quantities. We have 
also seen that some solutions of the eigenvalue equations, that identify symmetries of eq. (2.93), 
are not compatible with the triple 7-trace conditions (2.94), and therefore must be discarded 

The paradigmatic example provided by the two-dimensional gravitino suggests that those 
symmetries could well signal the emergence of Lagrangians that are at most total derivatives, 
and indeed the cases listed in Table 2 correspond to representations carrying no degrees of 
freedom On the other hand, the example of the two-dimensional gravitino and its role in the 
dynamics of superstrings should make it clear that models of this type are nonetheless potentially 
quite rich. 

The possibility that the pathological cases be characterized by vanishing actions can be 
verified directly at the level of the field equations, that should vanish identically for this type 
of models. We have seen how, after relating the yijk tensors to the kinetic spinor-tensor <S, 
one ends up with a combination of S and its 7-traces. If S does not vanish identically, this 
combination can only vanish if it coincides with one of its vanishing o{D) components, and 
when this is the case the remaining o{D) components can be clearly shifted at will and a Weyl- 
like symmetry emerges. This is precisely what happens for the gravitino field in two dimensions, 
where the Rarita-Schwinger tensor coincides with the vanishing 7-traceless projection of 5, and 
in principle it can also happen for other fields in low space-time dimensions. It is thus interesting 
to try and understand whether all fields appearing in Table 2 behave exactly like a gravitino 
m. D = 2 or, consistently with the expectation that one could build from the corresponding 
analysis performed in [2] for bosons, whether some Weyl-invariant models of a different type 
exist for mixed-symmetry fermions. First of all, one can observe that the example provided by 
the gravitino is not so exotic, since a whole class of similar theories actually exists. In fact, the 

^*For Bose fields the analogues of these considerations involve double trace constraints on Weyl-like parameters, 
that were correctly identified in [2]. However, we failed to notice that they also eliminate some of the solutions, 
namely the reducible D = 2 cases (si > 3, S2 > 3) of Table 1 of [2], or the corresponding irreducible cases {s, 3} 

of Table 2 of [2]. 

^^If an o(n) bosonic representation disappears for a given n, the fermionic representation with the same tensorial 
structure disappears as well. The 7-tracelessness condition for o{n) spinor-tensors is in fact stronger than the 
tracelessness condition for bosonic irreducible representations, so that the tensorial contribution to the dimension 
is always smaller in the fermionic case. One can verify this also looking at eqs. (A. 38) and (A. 39) for these 
dimensions. On the other hand, a general result of representation theory for o(n) groups states that (see, for 
instance, the first reference in [33], §10-6), if the total number of boxes in the first two columns of a tableau 
exceeds n, the corresponding traceless tensor vanishes. 
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rewriting (2.98) of the Rarita-Schwinger Lagrangian suggests to consider the class of Lagrangians 



^ = ViMi...M.7^^-^^^"^-"^gAV'.i...., + h-c. (2.165) 

for one-column {fully antisymmetric) spinor-tensors In Section 3.1 we shall derive the La- 
grangians for arbitrary mixed-symmetry Fermi fields, and the reader can verify that the two 
presentations actually coincide, since the fields in this class are particularly simple and are not 
subject to any constraints. Moreover, in Section 2 we already saw that the structure of the La- 
grangians is fixed by the requirement of gauge invariance, and (2.165) is indeed manifestly gauge 
invariant, simply because the gradients acting on the gauge parameters are antisymmetrizcd with 
the derivative that is already present. Therefore, spinor-tensor fields carrying q antisymmetric 
vector indices define in general a class of interesting analogs of the two-dimensional Rarita- 
Schwinger system ior q <D <2q. And indeed their only two-family representative, a {1,1} 
irreducible field, appears in Table 2 for D = 3,4, while we left out the D = 2 case, that is 
somewhat degenerate since the corresponding S vanishes identically. As we anticipated, an- 
other interesting example is provided by an irreducible {2, 2} field in two dimensions, whose 
Rarita-Schwinger- like tensor £ vanishes identically even before expressing <S in terms of ip. 

Not all models listed in Table 2, however, have Lagrangians that are total derivatives. A 
rather simple counterexample is provided by a {2, l}-irreducible gl{D) spinor-tensor in I? = 4: 
one can verify that the Rarita-Schwinger-like tensor (2.76) does not vanish in this case. This 
suffices to reach our conclusion, since the {2, 1} fields are intrinsically unconstrained, simply 
because the combinations of 7-traces that identify the Labastida constraints are not available for 
them. Deferring to future work a more detailed analysis, we can already conclude that for mixed- 
symmetry Fermi fields the emergence of Weyl-like symmetries is not necessarily accompanied by 
vanishing actions, in analogy with the behavior of mixed-symmetry Bose fields discussed in [2]. 



2.4 An example: reducible spinor-tensor fields of rank (3, 2) 

In the previous sections we presented Lagrangians and field equations for general two-family 
spinor-tensor fields. Our concise notation made it possible to discuss simultaneously results that 
apply to all fields of this type, independently of their actual Lorcntz labels, but the presentation is 
possibly less palatable for the reader than more conventional ones. We thus deem it appropriate, 
in analogy with what we did for Bose fields in [2] , to dwell upon the explicit space-time structure 
of a relatively simple and yet very instructive example, a reducible spinor-tensor of rank (3,2), 
whose explicit space-time form is V'/^l|U2/i3 ,^^l^'2• 



2.4.1 Lagrangian and field equations 

As for the bosonic examples presented in [2], i 
notation to denote traces so that, for instance, 

'/ r /Ul/i2/U3 , i^lt'2 

^"Similar types of Lagrangians were recently discussed i 



this section we shall resort to a shorthand 



— f^3 ,V\V2 1 

= '^'H2IX3,U2- (2.166) 

[34], that appeared while this paper was being typed. 
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The (3, 2) example has the virtue of being relatively simple and yet well structured, since the 
two distinct gauge parameters that characterize generic two-family fields are already present in 
this case, so that the explicit gauge variation of the field reads 

5'^ = d^ei + d^e2 = e^^VaMs),^!^^ + 5( | e ^^ViM2M3 , 1^2 ) • (2-167) 

The two ^'j compensators that accompany the two gauge parameters in the unconstrained theory 
are 

vEr, = 

*2 = ^^^\,i.,^s,^, (2-168) 

but, as we have seen in general, they enter the construction only via their symmetrized 7-traces. 
A generic two-family fermionic field makes use of three different combinations of this sort, a fact 
that is fully visible in the present example, where they take the form 



1/11^2 5 



61 = 71*1 = 

62 = ^(71*2 + 72*1)^^(^1^,,., (2.169) 

^22 = 72 *2 = ^(^^ 



On the other hand, the four Labastida constraints that annihilate the symmetrized triple 7- 
traces of generic two-family spinor-tensors reduce in the present (3, 2) example to only three 
conditions: 

rn7i^ = 7^V'''^A,.i.2 = 0, 

(Tn72 + 2ri2 7i)V' = 7^(V''V,z.A + 2VV,.) = 0, (2.170) 

(T2271 + 2ri272)V' = 7^(V''''AwM2 + 2^W2,a) = 0. 

Notice that the Labastida constraints (2.170) also imply that the symmetrized double traces of 
the fermionic gauge field vanish, 

TiiTisV = i^'^-'v = 0, 

(rnr22 + 2ri2ri2) V = + 2^^''^ = o, (2.171) 

and these conditions, in their turn, imply that all expressions containing at least five 7-traces 
vanish. This is counterpart, for two-family Fermi fields, of the vanishing of all triple traces for 
two-family Bosc fields, that was widely used in [2]. 

As we saw in eq. (2.29), the combinations of 7-traces of the kinetic tensor W that have the 
same structure as the Labastida constraints are proportional to the Zj^/j tensors. Two hooked 
triple 7-traces of W, however, are not related to the constraints, and are the analogs in this 
setting of the non-trivial double trace a^jy present in the (4, 2) bosonic example discussed in [2]. 
In the following these expressions will be often denoted as follows: 

(rn72 - ri27i)W = 7^(W%,.A - WV,z^) = 

(T2271 - Ti2 72 )>V = 7^(>V'-A«M2 - >VW2,a) = «MiM2- (2-172) 
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In addition, the {2, 2}-projected double trace of the gauge field, 

( Tn T22 - Tu)^ = V'^'V - V-' M = ' (2-173) 

is not related to the constraints, and can also contribute significantly to the Lagrangian. Finally, 
the structure of the Labastida constraints (2.170) reflects itself in the three Lagrange multipliers. 

Am = X^^\j^u2 , A112 = A122 = ^^^^ H1H2 ^ (2.174) 

that complete the field content of this model. 

In an explicit space-time notation, the unconstrained Lagrangian for '0MiM2/i3 ,1^11^2 reads 

- - 1 - 

-L _ t(l)A'.'^l^2 tjCI) I Qt(2)w/i2,i^77(2) I ± t(3)//i/i2Ai3 77(3) f2 175) 

+ 3^(1)^1^2^(1)^^^^ + 9A(2)'^''^Z(\,, + ^--Xi^)f^^^^z('\,,, + h.c. , 
with the Rarita-Schwinger-like tensor 

£-lp = W^^^2/i3 ,i^ll'2 ~ (1^1^ ^M2A13 ) A , ~ 2''' (''I I''' ^/'lM2/i3 , ^2) A 

- 2"^ (1^11^2^''" 1^3), 1^11^2 - 2 '^('^iKmi ^'m2M3),|!^2) - 2'^'^l'^2^'Vi;i2/i3 (2.176) 

+ g7{i.i|(m7^''>V^2/,3)A,|v2)p + {'^V(^^l^^2\l{ul\ - ^(r^iKw^^al ) ^|/X3),k2) 

+ (2'7!/lI/27(/il| - 7(l.l??i.2)(Ml|)'"l;^2M3) + Ig (2 ^^'l'^2'7(;Ul//2| " ^7 l/l ( //l ??M2 ^2 ) | M ) ' 

where the symbols u, u and u were defined in eqs. (2.172) and (2.173) and where, as we saw 
in Section 2.1, the H^*) tensors, that we do not display here for brevity, are built from suitable 
projections of the divergences of eq. (2.176). 

The equations for the Lagrange multipliers are in this case 

= 0, Z^^\,u = 0, Z^^\,^2 = 0, (2.177) 

and after enforcing them the equation for an unconstrained gauge field ^in^ixz ,viV2 becomes 

^(f^lM2 7M3) J^'''^'l'^2 - o i'?(^^lA«2|7(i.il+ ??(l/i|(Ml7M2lj->^'^V3),k2) 

(2.178) 



E{p- 2 ^(mM2 7M3)^^^^^l'^2 - 2 (''(WA'2l^('^ll + ^(^iI(A'i'^A'2|) 3^^^^|M3),1^^2) 



- 2 ('?'^i'^2 7(mi| + 7(i/i^i/2)(Mi I )y^^\ii2iJ.z) = 0, 

where the y^"^^ spinor-tensors denote suitable combinations of the fields ■0, ^^'^^ and A^'^ that 
we also do not display here for brevity. 

As we saw in Section 2.2, the equation for a constrained reducible field ^'^1/^2^3 ,"^ii^2 can also 
be cast in the form (2.178). However, as in the bosonic case, the field equation that originates 
from the constrained two-family Lagrangian (2.67) calls for some care if one wants to present it 
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without introducing a set of y^^^ spinor-tensors. In fact, differently from the Fang-Fronsdal or 
one-family case, the symmetrized triple 7-traces of the Rarita-Schwinger tensor (2.176), 



7^(^^i%,.A + 2^^"a^,.) = - \v(^^,-^ - f (2-179) 



do not vanish identically. At any rate, combining eq. (2.178) with its symmetrized triple 7-traces 
one can eliminate the y and, after gauging away the ^'j compensators, one can finally obtain 
the constrained field equation 

^T''^'- + l8(3i^ + 4) {3^^(^^^^^^3) [4u.,.2 - (3D + 2)^ 
2 

+ qn_9 (^(w/^2|7k| + ^(<.i|(mi7m2|) [3-D«|^3)|^2) - 2 ^1^3) j^^) " 2 ^l^.^) , |,.3) ] 

(2.180) 

('71/1.^27(^1 + 7(^/1^1/2) (wl) [2(3£' + 2)«|^2M3) - 3(£' + 2)i;|^2,M3)] 



2 


3L> - 


2 


2 




3D- 


2 


1 




L>2 - 


2 



^2 _2 (2^^1^2^(WM2^M3) - ^Vi(Ml^M2kl'^|M3)) } " 



This expression builds the symmetrized triply 7-traceless projection of £^ that, as we shall 
see in a moment, couples to currents that satisfy the same set of constraints as the gauge field, 
precisely as was the case for the symmetric spinor-tensors of [19]. As we already pointed out in 
Section 2.2, this presentation mimics the Fang-Fronsdal setting, and is quite convenient if one 
wants to work only with the gauge field ■0, but the resulting equations depend explicitly both 
on the space-time dimension and on the Lorentz labels carried by the gauge fields. 



2.4.2 On-shell reduction 

As wc saw in Section 2.3, the reduction of the equation of motion (2.178) to the non-Lagrangian 
Labastida form 

S ^ll^l2^^■A ,viV2 = (2.181) 

involves new subtleties that are foreign to the symmetric case of [17, 19]. First of all, the 
y tensors do not fully vanish on-shell, but their undetermined components do not contribute 
to the equations of motion, as a consequence of the shift symmetry (2.68) of the fermionic 
Lagrangians. The other difficulties can be traced to the anti-commutation relations (A. 25), that 
introduce the S'''j operators of Appendix A in the 7-traces of eq. (2.82), together with some 
additional technical complications related to the rather involved form of the fermionic Rarita- 
Schwinger-like tensors. In order to better illustrate the main steps of the reduction procedure, it 
is instructive to supplement the general discussion of Section 2.3 with a more direct derivation 
of the relevant results for the (3, 2)-cxample, in an explicit space-time notation. 

One can reduce eq. (2.178) to the Labastida form iS = combining it with all its admissible 
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7-traces. One can begin by taking five 7-traces of the field equation (2.178), which yields 

Poy^^^'-- + 63^(2)' + 7^''3^(2)^^^ + p2y^^'^'^ = 0, (2.182) 



where the coefficients 



Pk 



D + k. 



(2.183) 



depend on the space-time dimension D. Notice that we obtained in this fashion three relations, 
those in eq. (2.182), that however involve the four available double 7-traces of the 3^^*) tensors. 
As a result, one can at most link three of these double 7-traces to the remaining one, and here 
for definiteness we make the choice of relating them to y '^^^ , so that 



3;(2)' = 1 yW- , 

i''y^'\,, = -'^y^'' 



(2.184) 



;y(3)V = _ f yO-)i. _ 
3 

Still, decomposing the 3^(*) tensors into their doubly 7-traceless parts and corresponding re- 
mainders, according to 



yW 



1^11^2 



yi2) 



PO 

y?\,.+ -v,.y^'^'-^ 

Po PoP-i 



1 fivl J' \,p 1 



^(3) 



y 



(3) 

T MiM2 



+ 



1 

Po 



y 



(3)V 



(2.185) 



and imposing the relations (2.184), one can verify that the remaining independent quantity 
disappears from (2.178). As in the bosonic case of [2], this fact simply reflects the shift symmetry 
of eq. (2.86), that for this example reduces to 



<5 3^111 
<5 3^112 
(^3^122 



ry^^Miii,22, 

2?7^^Mii2,12 + 27l2iVn2;12, 
??^^Mi22,ll. 



(2.186) 



With only two index families, the parameter Nj^jk-im admits only the {4, 1} component, and thus 
the projection does not impose any constraint on it, while Mij^^im must satisfy the conditions 



^{3,2} Mijk,lm = ^ 



Mm, 22 + 6Mii2,i2 + 3Mi22,ii = 0, 



M 



111,22 



2M 



112,12 



+ M 



122,11 



0. 



(2.187) 



However, N^jk-i^n is linked to Miji^j^ via eq. (2.69), that in the (3,2) case reduces to 



N 



112; 12 



^ Mill, 22 



(2.188) 
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so that the shift symmetry rests eventually on the single spinorial parameter M 
in the space-time notation of this section takes the explicit form 



M- 



111,22 



and 



M. 



(2.189) 



2 VfllH2 



M. 



Substituting (2.184) in (2.185), the possibility of gauging away the independent component left 
over by the reduction procedure via (2.189) becomes evident. 

In the generic two-family setting we inferred that, after gauging away the undetermined 
7-traces of the yijk tensors, the remaining quantities are set to zero by the homogeneous field 
equations. In the present explicit space-time approach this means, in particular, that after using 
the shift symmetry (2.86) to reduce the number of independent 7-traces of the 3^^*-* tensors, one 
is properly left with square systems of equations that are not singular provided D ^ 2,4 (see 
Section 2.3.1). In contrast with the symmetric case of [17, 19], however, it is impossible to 
disentangle the equations that set to zero the 7-traccs of W from those that do the same for the 
y^^^ tensors. This is due to the existence of non-vanishing symmetrized triple 7-traces of 
However, one can first express the y in terms of the 7-traces of W, using the combinations of 
7-traces that annihilate ip in the constrained theory, thus recovering an expression that has the 
same form as the constrained Lagrangian field equation (2.180). The 7-traces of W can then be 
set to zero using the remaining 7-traces of the field equation. 



Continuing with the various 7-traces of eq. (2.178), one is to consider Ej" {E-^ " + 2E'- 



7 



^PE-, 



and 'y^P Ej xu pj that can all be obtained combining 7-traces of the symmetrized 



triple 7-traces of E^ and read, respectively. 



P2 


3D + 8 


2 


4 




7 J^T A/i 




' ■ 


2 


4 


3D + 10 


3D + 8 











P-1P2 


2 


2D + 3 


-po 




^'y?\A 




P-2 

9 


Po 


-3/92 


(L' + 2)2 


- (D^ + 2D-2) 




yy^^\,_ 




P-2 

L 9 J 



IX ) 



(2.190) 



together with the additional {2, 2}-projected trace 



P-2 Pl .A 



{y 



y?\,x + yT^x^c} = 0. (2.191) 



Notice that only the doubly 7-traceless tensors yj.' appear in these equations, on account of the 
previous discussion and that, as expected, the number of unknowns now matches the number of 
equations. Eqs. (2.190) then suffice to obtain 



7^y 



7 A,i/ 



7 IJ-A 
7 J^T A// 



P-2 



6 (^2 _ 2) 

p-2 



18 (L>2 _ 2) 

P-2 



to. 



18(1)2 

P-2 

18 (D2 _ 2) 



2) 



to 



CO 



H 5 



(2.192) 
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while eq. (2.191) will eventually set co to zero. Considering the symmetrized triple 7-traces of 
the field equations and substituting into them the results collected in eq. (2.192) now gives 



P0P2 
2 



2P2 

4 



4 

4p3 



4 

P2 (3D+8) 
2 



-4' 
2p2. 



P2 

2 

.- P6. 



-J'r MiM2 

(/il,M2) 

y(3) 

■ Mi;*2 ■ 



P-2 



36 (D2 _ 2) 



Po 
-Po 
Po . 



(2.193) 



7(mi'^M2) 



together with the antisymmetric component of the second equation, that simply states that 

All together, these equations finally give 
1 f 4 



J' J' V\V2 — 



_ _ 



V(3) 



6 (3D + 4) [31? -2 

1 r 1 



18 (31) + 4) [3L>-2 
1 



{3D + 2) 

[3poM/.i. - '^V(^,,u)] - n2^° o ^(/^^'^) f ' (2.195) 



18(315 + 4) \3L>-2 



(3L> + 2) 



Po 



L>2 -2 



Substituting (2.195) in the unconstrained equation of motion (2.178), one can recover (2.180). 
Let us stress again that after eliminating the compensators this turns into a convenient 
presentation of the Lagrangian equations for the constrained theory. After these steps, the 
reduction to the Labastida form would proceed as in the constrained theory, and in fact much as 
in the bosonic case of [2], barring some inevitable technical complications that we shall not dwell 
upon here. Indeed, for the sake of brevity we shall confine ourselves here with these cursory 
remarks, since the actual procedure is straightforward if quite tedious. At any rate, in the next 
section we shall exhibit the explicit form of the propagator for a (3, 2) field. This expression 
can be obtained with similar techniques, and actually embodies in a clcarcut fashion all relevant 
information concerning the subtleties that can be met when performing the reduction in special 
(low numbers of) dimensions where Weyl-like symmetries emerge. 



2.4.3 Current exchanges 

Coupling a rank-(3, 2) gauge field V'/ii/i2/i3 , 1^11^2 to external current leads to the inhomogeneous 
equation 

■■ - 7^V{niH2ln3)y^^^i^i'^2 - ('?(miM2|7(i/i| + '?(:/i|{w7;x2|)^^^V3),k2) 

^ (2.196) 

~ 2 + 7(i^l^i^2) (mi I ) ^lM2;i3) ~ '^MlM2/i3 ,i^l^'2 ) 

that can be manipulated using the approach followed for the homogeneous equation (2.178). In 
particular, the same steps of the preceding discussion can reduce eq. (2.196) to the form 

rp constr (0 ^ Ot7\ 
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where E^"'^*^'" was defined in eq. (2.180) and n^^^nz ,viv2 effective current whose sym- 

metrized triple 7-traces vanish. We would hke to stress again that this form is not unique, since 
one can also adsorb different parts of the y in the definition of the effective current /C, but it 
is anyway quite convenient, since it naturally extends the symmetric constrained setting, were 
the external current is subject to the same trace constraints as the gauge field. 

One can compute further 7-traces of the equation of motion (2.196), and combining these 
results one can recast it in the form 

HI IJ,2H3 ,1^11^2 ~ ^ tlllJ.2H3 ,^1^2 + •■■ 5 (2.198) 

where the omitted terms are obtained expressing the 7-traces of W and y^'^^ in terms of J. 
In order to give rise to the correct current exchanges, the combination on the right-hand side 
of eq. (2.198) must define a combination that is 'y-traceless in D — 2 dimensions, and in the 
following we shall see that this is actually the case for the (3, 2)-example. Prom the technical 
viewpoint, one can reach the form (2.198) dealing separately with the various irreducible Young 
projections of the 7-traccs of E^, in order to extract square systems of equations from the 
results. As we have already pointed out in Section 2.3, this decomposition is the space-time 
counterpart of the independent treatment of terms corresponding to different values of £, that 
we used to identify the degenerate cases where the gauge symmetry is enlarged to accommodate 
Weyl-like shifts. 

As we repeatedly stressed, the 7-traces of the equation of motion contain the j operators. 
These can displace indices from one set to another, and as a result the propagators of mixed- 
symmetry fields involve all structures obtained displacing indices within the 7-traces of the 
current JT". In conclusion, the field equation (2.196) can be cast in the form 

+ ^(mi/^2|-^21 -iZs^i/iiyaJ/is) + '?(i'i|(/ii^22 ' iZ2%2M3) , ^2) + " iZ2^mM2M3 

- 7(;.i|(mi^24 •iZ2%2M3),k2) + ^( MiM27m3)^31 ' iZs ( ^.2) + ^( MiM2|7 ( r/i |-^32 • cTa | ^.3) , ^2) 

+ '?(z^i|(Ati7AJ2|^33 •iZ3|At3),k2) + ^(mi|(!^iT'^2)^34 •iZ3|M2,/i3) + ^7 <^i<^27 { ^1 1 ^35 " iZ3 | ^2 , M3) 

+ '?( Ml /^2^M3)( 1^1 1-^41 ■ J_i\v2) + '?!^ii^2'?(MiM2|^42 •iZ4|At3) + ^( Ml l( i^i ^ !^2)| M2 1 ^43 ' J_i\iJiz) 

+ ^(mM27M3)(!^l|^44 ■ Jii\u2) - V{jMi\iuilu2)\lM2\KA5 + ^( WM2^M3)( ;'l7i/2)-^51 -Jb 

+ VuiU2V{,j,i,X2l IJ,3)Kb2 ■ J_b + ??(w|(:.i»?y2)|^27M3)-^53 • J;5- (2.199) 

The resulting propagator is rather complicated, and contains as many as 106 distinct contribu- 
tions. Two types of vectors, denoted by J_i and Kij, actually build this expression, and their 
scalar products are denoted with a standard symbol, " • " . These vectors, however, have three, 
four, five or seven distinct components, depending on the case. The vectors of the first type 
collect essentially all possible constructs built from the current J, 

J 1 /ilM2,!^l!^2 7 {J^\filfi2,l'11^2'> {^J.l\{l'l,l/2)\^J,2) ' ^Al/il/2,/ilM2 ' ^MlM2 (i^l,i^2 ) A ) '^UiU2 ( Ml > M2 )a) , 

>J_1 M1M2M3, I' ~ 7 ( >^A ( /ll/^2,M3) 2^ ' '^Xu (jli, I12IJ.3 ) ' >^MlM2M3, I'A ) J^V ( fl\^l2,ili) A ) ) 

J_2 M1M2, 1' ~ ( ''i' ,MlM2 ' ^(mi,M2) VI «^ niiJ,2,v 1 ^ u{ni,H2) ' ^ " \i.\ii.2V 1 7 ^ <JxiJii 1x2,1' p i 

7 i/ ( Ml , M2 )p) ' 

J_2 M1M2M3 ~ (^^ ''(mi,M2M3) ' (miM2,M3) ' ^ ''miM2M3 ' 7 ''k7A(/ii//2,M3)p) ' 



45 



J_^=l-{ J'^'. J'^'" , J'') , (2.200) 

while their partners Kij are vectors of coefficients that are defined below, and whose list closes 
the present section. 

Let us begin by displaying the terms that in eq. (2.199) are accompanied by a single 7-matrix: 

(-D^-4L>3+20D2+48D_64, -4p_2P4, -64, 2 (i^^ + 2D - 16) , I6P2) 
J<-ii = , 

/9_4 P-2 P2 Pi P6 

^ (2(ZJ^+2ZJ-16), 16, -p2{D^+2D-20),-4p2) ^^^^ 

P-4 P-2 P4 P6 

Notice that Kn and K12 have poles in I? = 2,4, precisely where the general considerations of 
Section 2.3 apply for a reducible (3, 2) field. The same poles are also present in most of the 
other coefficients, that we collect in a few groups. The first group thus comprises the terms that 
in eq. (2.199) are accompanied by two 7-matrices 

K21 = (-p_2(D^+6£»3- 12D2_9g^_9g^^ -2D{D^-2D-16), 

P-AP-2P0P2PAP& 

16(i:>2-3£>-6), 2{D^+D^-22D'^-SD+A^), -Ap2 {D^-12), -16 pe, -2p6 
K22 = (8(D^-3D-6), D^+D^-22D'^ - 8D +48, -D^- 3D^+ 23D^ 

P-4 P~2 PO P2 P4 P6 

+ 42L»2_ 68D- 72, -4{D^- D^- IID- 6) , p2{D^+D^- 16D- 12) , p6(-D^ - 12) , 4p6) , 

(-4(L>2_i2), 2{D^+D^-16D-12), -D"^- AD^ + 22D'^ + MD- 72 , 2p_2p6) 
K23 = , 

p_4 p_2 pO P4 P6 
P-4 P-2 PO P2 P4 

and in a similar fashion the second group comprises the terms that are accompanied by three 
7-matrices 

iCgi = ^ iD{D^+AD'^-16D-m), -4p2(£>2- 12), 0, 

P-4 p-2 pO P2 P4 P6 

-4D{D^-2D-16),0,4p^2Po,8 p_6 P2 ) , 

K32 = (-2p2(L>2-12), pi(L»2_;^2), p_4P0P2P6, -4p_2P0P2, 

P-4 P-2 PO P2 P4 P6 

-4p_4PoP6, 4p_6P2, -2p_6P2) , 

K33 = {-D^+2D+16, -2p_2P2, -2p_4P6, -D^+2D2_8^_32^ 



P-4 P-2 P2 P4 P6 
16, -D'^+2D + 

(4p_6, -2p_6P2, 0, -4p_2Po, 0, -2(1)2-12), p2 {D^-12)) 



p-4 pope, -D^+2D+16, -2p_2p2) , 



K34 



P-4 P-2 PO P4 P6 

K35 = (4p_2po, 8p_6P2, 0, -4D{D^-2D-1Q),0, 

P-4 P-2 PO P2 P4 P6 

D {D^ + 4D^ - 16D - 56) , - 4 p2 (£>2 - 12) ) . (2.203) 



46 



Finally, the last two groups comprise the terms that are accompanied by four 7-matrices, 
{D^+D^- 17D~ 18, -D^+3D+6, - 2 {D"^ - 3D- 6) , pQ , 2 pe) 



K41 = 



P-4 Po P2 Pa Pa 



K42 = (-2p-2p-i{D^-3D-6),D^+3D^-16D^-62D^ 

P-4 P-2 P-l PQ P2 P4 P6 

+ 24r>+120, -2{3D^-2D^-46D^+8D+72), -2 pQ {D^ - D- W) , Ap^apa), 

K43 = (-2p_2P-i(-D^-3D-6), -3£>^+2D^+46£>2-8D-72, 

P-4P-2P-1P0P2P4P6 

D^-UD^-16D^+IQD+A8, 2 p-Q pe , -2p6 {D^-2D-A)) , 

{-P-2P-1, D^-D- 10, -2p_e, pi{D^-D-10), -2p_6Pi) 
K44 = , 

P-4 P-2 P-1 Po P2 P4 

^ (-"-»'-- -"-,.1^^-20- I. -,.-„,..., Mi^'-2P-4)) _ p^^^^j 

P-4 P-2 P-1 Po P2 P4 

or by five 7-matrices, 

P2 P4 P6 

(4p_2P_i, -D^-3D^+ lOD+64, 2{3D'^-6D-32)) 
K52 = , 

P-4 P-2 P-IP2P4P6 

= (4p-..-i.3P--6D-32,-03^4i^+32) 

P-4 P-2 P-l P2 P4 P6 

The reader could verify, as we also did, that the right-hand side of eq. (2.199) defines an expres- 
sion whose 7-traces in each of its two index sets vanish once the -D-dependent factors that arise 
in this computation (but, of course, not those appearing in the original Kij vector coefficients) 
are shifted letting D ^ D — 2. 



3 General fermionic fields 



In this section we can finally derive Lagrangians and field equations for general unconstrained 
fermionic fields with arbitrary numbers of index families. We open our discussion by showing in 
detail how to complete the work of Labastida [30] with general constrained Lagrangians yielding 
the fermionic field equations that he introduced in the eighties. To this end, we follow rather 
closely the approach developed in [2] for Bose fields and based on the Bianchi identities, that 
as we shall see is particularly convenient for the extension to the unconstrained case. However, 
we also display an alternative derivation, based on the request that the Rarita-Schwinger-like 
kinetic operators be self-adjoint, that proceeds along the lines of the original bosonic work of 
Labastida [12], before closing the section with a discussion of the unconstrained Lagrangians, 
their field equations and their reduction to the form of [30]. 



3.1 The constrained Lagrangians 

The 7-traces of the Bianchi identities are a key tool to derive the Lagrangians for mixed- 
symmetry fermions with arbitrary numbers of index families. In the constrained setting they 
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take the form 

d^S \ d^TijS - ^ d^^ijS = 0, (3.1) 

where we have enforced the Labastida constraints 

T^iji^k) = (3.2) 
on the right-hand side of eq. (3.1). As we already saw in Section 2.1, the 7-trace of eq. (3.1), 

d[i ^j] - ^ d^^ijkS - \ d^{^Tikij + r,[,7fe])5 = 0, (3.3) 

admits two independent projections. In analogy with the bosonic case, the symmetric one yields 
the gradient of 

T^ij^k)=^, (3.4) 

an identity implied by the constraint (3.2), as one can verify by a direct computation. The 
antisymmetric projection, however, is more interesting, and reads 

d[i ^j] - \ ^lijS + ^ aSiifc^ - ^ a^rfc[,7,]5 = 0, (3.5) 

so that it relates in a non-trivial fashion different structures. 

This suggests that the Lagrangians should rest on a special sub-chain of suitably projected 
consequences of the Bianchi identities, in analogy with the behavior of Bose fields described in 
[2]. In order to sort it out, it is convenient to first identify the non trivial (7-)traces of the kinetic 
tensor <S, in order to build the most general Ansatz. In Appendix C we shall prove that, for any 
given number of traces and antisymmetric 7-traces of the kinetic tensor 5, all Young projections 
in family indices with more than two columns vanish in the constrained theory on account of 
eq. (3.4). This condition identifies the wide class of terms that can enter fermionic Lagrangians 
which, as a result, are far more involved than their bosonic counterparts. For N families the 
Lagrangians arc in fact bound to rest on 0{N'^) distinct Young projections, with a first column 
of length h < N and a second column of length I2 < h, that in general is actually shorter, 
since antisymmetric 7-traces 7ii...i„ of S can accompany the ordinary Tij traces that already 
enter the bosonic Lagrangians. Interestingly, any given combination of these operators admits 
a single two- column projection, and it is then convenient to adopt the short-hand notation 

S ij — Tij S , 

^'ij;k = 2 (2rij7fc -Tfc(j7j))5, 

(7[«l5[*'l ) jiji,...,ipjp;fci...fc, = y{2P,i'?} Tiiii ... 7ipip7fci...fc,'5. (3.6) 

The reader should appreciate that here colons separate again groups of symmetric indices, while 
a semicolon precedes the left-over group of antisymmetric ones. 

In conclusion, the Lagrangian for generic A^-family fermionic gauge fields ^ip is of the form 

1 ^ 

>C= 2(V^' E fep,g^^7M7'''l5[p])) +h.c., (3.7) 

p,q = 
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where 

r,P^i{jli]slP^) = n'^h___^ipjp^k,...k, (^[^l^t^'] ...,,^,^;fc,„fc^. (3.8) 

As we shall see shortly, the kp^q coefficients in eq. (3.7) are uniquely determined by the condition 
that C be gauge invariant, up to the convenient choice A; 0,0 = 1- 

In order to proceed, we can begin by noticing that the identities collected in Appendix B 
make it possible to recast the gauge variation of eq. (3.7), up to total derivatives, in the form 

^ 1 

— ~ 5^ 2P+1 C^^iji ■ ■ ■'^ipjp^l^ki...kq ) kp^qdi{j ^ )hji,...,ipjp;ki...kq 

+ {q + l)kp,q+i ^(7[^+'l5[f]),,,-„...,,^,-^;fe,...fc,, ^39^ 

+ (p + i)fcp+Ma"^(7f''i5[^+ii).,,„...,.,,,,,^;fc,...fe, 

+ iq+l){q + 2)kp,q+2 5"^ (T^^+'l^I^^] ),,,,,...,,, ) +h.c.. 

Notice that all jIi^S^p^ terms that are right entries of the scalar product are two-column 

projected by assumption. This statement applies to all free indices carried by the last three 
terms, while the first is slightly more complicated, since due to the / index carried by the 
divergence it also allows projections with three boxes in the first row. However, the left entry of 
the scalar product makes this type of projections proportional to the constraints on the gauge 
parameters 

7(^6,) = 0, (3.10) 

as expected, on account of the identity 

= ( (p + 1) Ti2j2 ■ ■ ■TipjpT(^i-j-,ei)-fki...kq - Ti232 ■ ■ ■TipjpT[ki\{i(-iil n)l\k2...kq]j (3.11) 
3(p + l)(p + g + 2) ^('1 

that we shall prove in Appendix C. In conclusion, up to the Labastida constraints one can 
effectively restrict the attention to two-column projections of the gauge variation (3.9). 

As we saw in the two-family case, fcrmionic fields bring about a novel type of complication. 
Indeed, the 7-traces of the Bianchi identities do not suffice to set to zero the individual terms of 
eq. (3.9), but these, on the other hand, are not fully independent and can be partly combined 
using the constraints (3.10) on the gauge parameters. Even in the general case, the possi- 
ble Young projections for the family indices arc the guiding principle when trying to combine 
different terms in eq. (3.9). And indeed all terms of the type 



■ ■ ■ Tipjp enki...kq (3-12) 



that are left entries of the scalar products admit two distinct Young projections with two 
columns, since 

{2P, l*?} {1} = {2P, l«+i} ® {2P+\ 11-^} {3, 2P-\ 11}. (3.13) 

Leaving aside the last term, that is clearly related to the constraints, the first two projections can 
thus arise from pairs of neighboring contributions of the form (3.12), with values of p differing 
by one unit and with values of q differing by two units. 
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As in the two-family case, the key step is to relate these two types of terms, that are only 
apparently different, making use of the constraints (3.10) and of proper relabelings. To this end, 
it proves particularly convenient to manipulate the combinations euki...kq according to 

1 1 

^nki...kg = —J ^[ilki...k,] + —J XI (-1)^""^^^ e(z7fe„)fei...fc,^„...feq ■ (3.14) 

n = 1 

The terms entering the sum can then be rewritten more conveniently as 

e(;7fci)fe2...fcg = ^{ilki)lk2...kg - T[k2\{i^ki)n/\k3...kg], (3-15) 

where the first contribution on the right-hand side clearly vanishes in the constrained setting, 
on account of eq. (3.10). Enforcing the constraints thus leads to 

g 

(-1)^"+^^ e(nkn)kl...k^^r,..-ka ^i[fel Cfea 7fc3...feg] ' (3-16) 

n = l 

since the sum with oscillating signs induces a complete antisymmetry in the kr indices, that 
as such forbids the simultaneous presence of two of them on the trace T. As a result, in the 
constrained theory eq. (3.14) can be finally cast in the form 

Thji ■ ■■Tij,jj, eijki...kg = ^-^pY Ti^ji ■ ■ ■ Tipjp ( ^ink-L...kq] + Tiik-,^k2 Ikz-.k^] ) , (3-17) 

where the first term is annihilated by the {2*'+^, 1^^^} projection while the second is similarly 
annihilated by the {2^, 1'?+^} projection, and in conclusion one is led to 

^{2P,ii+^}Ti^ji ■ ■ ■Tipjpei^ki...kg = ^qjY ^{2P,i'?+i}^iiji ••■ripjpe[i7fei...feg] (3-18) 

and 

Y{2P+\ii-i}Ti^ji ■ ■ ■Ti^jpenki...kg = -^-^^{2P+\ii-i}Tij^ji ■ ■ ■TipjpTi^ki^kilka-.kg]- (3-19) 

While the first of these relations is rather trivial, the second is quite interesting, since it 
connects a relatively complicated projection of p traces and a single g-fold antisymmetric 7-trace 
to a simpler one involving p + 1 traces and a (g— 2)-fold antisymmetric 7-trace with the maximum 
possible number of antisymmetrizations, generalizing in this way the relation (2.40) that we 
used to build two-family Lagrangians. In this fashion, the current choice extends the k = 1 
construction of Section 2.1. Let us stress that one can also proceed in the opposite direction, 
decreasing the value of p. The relevant identity, that can be proved using the techniques of 
Appendix C and generalizes eq. (2.39) to the A/'-family setting, is then 

P / P \ 

^{2P,l'J+l}^ilil • • -^ipip enfcl...fe, = /111 ^{2P,11+^} X n '^^r-jr ^{in^jn)kl...kql, 

^ n = l \rj^n J 

(3.20) 

but it is clearly simpler to work with terms whose projections involve the maximum number of 
antisymmetrizations compatible with their tensorial character. 



50 



As we anticipated, making use of eq. (3.11) one can eliminate all three column projections 
from the gauge variation (3.9), while the remaining two-column projected terms read 



N 



p,q = 

+ (c?+l)(g + 2)fcp,,+2 9™(7^'^+'^«S[Pl),,,,,...,,^,^;,,..fc^;^) 
^ 1 

p,q = 

+ {p+l)kp+l,qd^{j^^^SlP+'^),,j„...,i^j^,lm-M...k, ) +h.C.. (3.21) 

Notice that the first term in eq. (3.9) gave contributions to both groups of projected terms 
above, while the second term gave a single contribution. The analysis of the gradient terms 
was slightly more subtle, but the end result was that one of them, the third term in eq. (3.9), 
contributed to both. Indeed, 

{2P, l^+i} ^ {1} = {2P, 1^+2} e {2P+\ 1"} © {3, 2P-\ l^+i}, 

{2P+\ I'^-i} {1} = {2P+\ 11} © {2P+\ 1^-2} © {3, 2P, I'^-i}, (3.22) 

so that both types of projections are compatible with the {2^+^,1"^} projection carried by 
(-yl"?] ^^[p+i] )^ One can now manipulate the second group of terms in eq. (3.21) using the 
key relation (3.19), and after a proper relabeling eq. (3.21) can be finally turned into 

^ 1 

p,q = Q 

kp,q 9l (7^^' S^P'^ )iiji,...,ipjp;ki...kq 

, (g+l)(g + 2) ,^ „ , [q+2]q[p-l]\ 

p(g_).3) '^p-l,q+2 /^^(i„|l7 'J ) ...,i^^„j^^„,...;\j„)lki...kg 

+ ( + 1 ) fc, , ,+ 1 ^ ( 7 1 5 ) ... , ; fc,... I 

+ {p+l)kp+,,qd"^{^^'^^S^P+'^),,j„...,,^j^,lm-M...k, 

H q + 3 kp,q+'2 ^ (7'^^^ ^ ^^^^ ) ■■■,ir^njr^n,-,m{in;jn}lkl...kg 

n = 1 

+ {q+l){q + 2)kp,q+2d^ij^i+^^S^P^)i,j,,...,i^j^.k,...k,lm) + h.c, (3.23) 



where we enforced the symmetry under interchanges of the (in^jn) pairs brought about by the 
product of identical T tensors present on the right side of the scalar product. Furthermore, the 
contributions in the last two terms are proportional, since 

(7'^"^ ' <S'^' )ijjj_,,,^ipjp;fci...fcqim = (7^^''" ^ ^^^^)iiji,...,ip-ijp-i,m{ip;jp)lki...kq ^ (3.24) 
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because a symmetrization in [ip, jp, m) vanishes on account of the two-column projection. There- 
fore, eq. (3.9) finally becomes 

^ 1 

p,q = 

kp,q di (7^^' (S'^l ) hji,... ,ipjp;ki...kq 



p(g+3^ 'i'p-l,g+2 2^t^(i„|l7 ^ ^..,ir-#njr#n,-;lin);fcl-fc9 (3 25) 

+ (p+l)A;p+i,,a-(7[^l5[^+i])»ui,...,v>,;m;fei...fc, 

In the fermionic case, the 7-traces of the Bianchi identities take the rather involved form 
presented in Appendix C, but it is possible to extract from them the far simpler chain of 
{ 2P, l^+^j-projected identities 

( p + g + 2 ) F{ 2,, 1,+!} 9, ( 7 ' 5 ] ) ... , ; fe, 
1 ^ 

" = ^ (3.26) 
+ ("l)^"*" ^(7^^"*" ^ ^^^^ ) hji, ... ,ipjp;ki...kql ~ 9 [j^"^^ S^^'^ ^ ) hji, ... ,ipjp ,lm;ki...kq 

1 



q + S 



d {"f '^'^ <S ^ ) iiji,...,i„j„:ki...kqlm — 0- 



Comparing eqs. (3.25) and (3.26) one can now recognize that, in order to obtain a gauge invariant 
Lagrangian, the coefficients should satisfy the two recursion relations 

= "(p+l)(p + g + 2)^^'^' 

(_1)<7+1 

= (g+l)(;, + g + 2)^^'^' ^^-^^^ 

whose solution is 

, 9(13+1) 

if A; 0,0 = 1, a result that is also fully consistent with the other terms in eq. (3.26). Notice that 
this expression includes as special cases the coefficients first obtained by Labastida for Bose 
fields: in fact, letting g = in cq. (3.28) recovers the result presented in [2], that differs from 
the original one of [12] only due to a slight change of conventions and to the elimination of a 
typo in the relative signs. 

The coefficients given in eq. (3.28) determine completely the constrained Lagrangians (3.7) 
for mixed-symmetry Fermi fields. Together with the corresponding unconstrained Lagrangians 
that we shall soon come across in eq. (3.42), these are the main results of this work. 
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Interestingly, eq. (3.28) can be also obtained demanding that the kinetic operator be self- 
adjoint, along the lines of what was done by Labastida for Bose fields in [12]. The idea is to 
build a Rarita-Schwinger-like tensor such that 



{^,£) + h.c. = 2(^,f), 
up to constraints and total derivatives, starting from a general Ansatz of the type 



N 



^ — 2^ '^p,q 'I ■■■II 7 -'iiji • • • -'ipjp 7fei...feg • 

p,q = 



(3.29) 



(3.30) 



Whereas this sum apparently differs from the one contained in eq. (3.7), in the constrained case 
they actually coincide, since each term gives rise to a unique two-column projection. Hence, 
making use of the result for the general 7-trace of the <S tensor given in eq. (B.22), up to total 
derivatives and constraints one is led to the condition 



N 



{i^,£) + h.c. = 2 ( V' , £ ) + 2^ ^ y{2P,ii} Ti^h ■ ■ ■ ^ipjp V' 7fci... k, 

p,q = 



+ 



+ 



+ 



k 



(-1)' 



V 



kp,q-l 



h J_ ( ■,\q P^^ U 



Y{2P,ll}l[kl...kg-ldkg] n 

r = l 

P P 

n=l r^n 

P 

^'^{2P+l,19-l}7[fel...fcq_irfcq]i n ^VjrV" 



(3.31) 



r = l 



kp,q + {-iy{q+l){p + q + 2)kp,q+i 



r = l 



SO that the remainder vanishes precisely if the coefficients kp^q are those of eq. (3.28). To 
reiterate, the coefficients for the general fermionic Lagrangians can be derived in two distinct 
ways: enforcing the gauge symmetry via the Bianchi identities along the lines of what was done 
for the symmetric case in [17, 19], or alternatively requiring that the kinetic operator be self 
adjoint, as was done for Bose fields in [12]. We shall see again shortly that the first method 
appears more natural in the unconstrained case. 



3.2 The unconstrained Lagrangians 

In order to build the unconstrained Lagrangians, barring some subtleties that we shall elaborate 
upon, one can follow the same steps that led to their constrained counterparts. The new ingre- 
dients are two kinds of terms that were previously discarded, those annihilated by the Labastida 
constraints on the gauge parameter (3.10) and those generated by the classical anomaly (3.2) 
that emerges on the right-hand side of the Bianchi identities (3.1) for unconstrained fields. In the 
unconstrained setting, however, the first class of terms is proportional to the gauge transforma- 
tion of the introduced in Section 2.1, and can thus be balanced by suitable compensator 
terms while, as we saw already in the two-family case, the Bianchi identities become 

^i: diW - - Tij W -^d^ 7i,- W =\ d^d^Zijk , (3.32) 
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with Zijk the gauge-invariant constraint tensors introduced in eq. (2.16). Clearly, the left- 
hand sides of the successive 7-traces of eq. (3.32) take the same form as the 7-traces (C.20) 
of the constrained Bianchi identities while, as for two-family fields, the right-hand sides build 
combinations of the Zij^ tensors to be eventually compensated by the gauge transformations of 
some Lagrange multipliers, that here we shall denote by Xijt- 

As for the Bose fields discussed in [2], the natural starting point to build the unconstrained 
Lagrangians is the counterpart of eq. (3.7), namely a trial Lagrangian containing only the two- 
column projected combinations of 7-traces of the kinetic tensor W of eq. (2.13), that are not 
proportional to the constraint tensors -Zj^fe, 

1 ^ 

-^0 = 2(V^' E A:p,,77^7M7f''^W[^'])) +h.c., (3.33) 

p,q = 

where the kp^q are given in eq. (3.28). Starting from eq. (3.7), that has the same form as 
eq. (3.33), in the constrained case we had to impose the Labastida constraints (3.10) on the 
gauge parameters to annihilate all three-column projections in the gauge variation (3.9). In the 
unconstrained setting, this remainder can instead be compensated introducing a new term, 

N 



p,q = 

^ { ^'VllT2'" ^(M(7^--^^>Vb+^l)|,,„,,,...„,,^,,..,, (3.34) 
2pb^lhVi±l f^+ij ,l)+hc 

whose form is determined by eq. (3.11). 

The total gauge variation then takes the same form as in the constrained case, barring the 
replacement of S with W, and can not be directly manipulated using the 7-traces of the Bianchi 
identities. Rather, its terms should be rearranged and joined in pairs using the unconstrained 
version of eq. (3.19), that reads 

Y{2P+\ii-i}Ti^ji ■ ■ ■Tipjp^nki...kg = — — j- Y{2P+\ii-^}Tiijj^ ■ . .Ti^jj,Ti[k^ek27k3...kq] 

~ ^qry ^{2P+i,i9-i} Ti^ji ■ ■ ■TipjpS^i[kiJk2...kg] , 

and gives rise to a new contribution proportional to the gauge variation of the This, in its 
turn, can be compensated adding to the Lagrangian 



p,q = 
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which leads to the final gauge variation 

^1 k 

iljl 5 ■ ■ ■ 5 "^pjp ) ^1 ■ ■ ■ 

n = l 

- 5-(7[^+^] Wl^l),,,,,...,,,,,;,,..,,,^ ) + h.c. , (3.37) 

which is the counterpart of eq. (3.25), since as we already stated the kp^q are those of eq. (3.28). 

The terms that appear in eq. (3.37) can be turned into others involving the constraint tensors 
Zijk by suitable consequences of the Bianchi identities. As wc already saw for two-family fields, 
at this stage a new subtlety emerges with respect to the constrained setting. For a gradient 
term with the structure of the last contribution in eq. (3.37), a {2^, 1'^+^} projection in the free 
indices docs not suffice to enforce a two-column projection extended to the additional index m. 
Hence, in order to reproduce the terms that enter the final gauge variation, one is to consider 
suitable linear combinations of the projected 7-traces of the Bianchi identities. The end result, 
that we shall prove in Appendix C, is 

+ E 5(..|(7'''+''>V'^-^^)...,..^„,.^„,...;|,„)^.,...fe, 

n = l 

+ 1 ( ^ + 3 ) ^ ( ^ [.+ 1 1 W 1 ) ,,,, „, , ; fc,... fc^ I 

- (g + 3)5-(7l^]w[^'+il),,,„...,,,,,,,„;fe,..fe, 

= ^{2M.+i}|(P + 2)(g + 3) Ti,J,...Ti^J^Jk^...k,^"'^^Zlmn 
p p ^ 

~ Yl Yl'^irjrlkl...k,liin\d"'d''^\jn)mnl- (3-38) 

n= 1 r^n 

In conclusion, the gauge variation (3.37) can be cast in the form 
<5(£o + A + /:2)=-^E^^(, + 3)(p4 + 2K;> + « + 3)'' 

X {Y{2P,i.+i}Ti,j,...Ti^j^enkr...k, , {p + 2){q + S)Ti,j,...Ti^j^^k,...k,d"'d''Zimn (3-39) 

p p 



n= 1 r^n 
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and can be compensated by the Lagrange multiplier terms 

1 



^ (Ayfc, Zi^-fc) + h.c. , (3.40) 
where the Ajj^ transform as 

N 
p,q = 

(-1)^+1(^+1) 1 

For brevity, this expression is not presented here in its normal ordered form, but the reader can 
verify that for two families it reduces to eq. (2.65). 

Summarizing, the final result for the unconstrained fermionic Lagrangians of fields carrying 
an arbitrary number of families is 



^ (-1)P+^ 



1 _ ^' r-np+ 2^ 1 



^ {-^ijk 1 ^ijk) + h.C. , 



with 



N 
p,q = 



{ pi/; i)Up + J+2). ^'>.i(7"-"wI-^-I)i.,,,., 

(p+l)!(g + l)!(p + g + 3)!^'i'^'^ Jh:(),»2:(2,...,«pjp;jifei...fe9 



(g+i)(q+2) 



+ p^!^(g|2^)!(p + g + 2)! ^{2P+i,l.} 5(i I ( 7 f W ) i^j-^ , ... , i^j^ k,... k. 



2(g + l)(-l)(^+i) + ^^±^ 



^^{l^''^'^W^^^'^)nn,■■■,^.3.,^3■,rnk,...k,Y ^^"^^^ 



p!(g + 2)!(p + g + 3)! 

and where the gauge transformations of the Lagrange multipliers are given in eq. (3.41). 

As in the two-family case, the projected Bianchi identities (3.38) and the compensator terms 
share a portion of their Young projections, and can thus be combined. The end result is the 
option, analyzed in detail for two-family fields, of modifying at the same time compensator terms 
and gauge transformations of the multipliers without altering the form of the Rarita-Schwinger- 
like tensor and the types of Young projections appearing in the Lagrangians. All this has no 
analogue in the bosonic case. 
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Furthermore, as we aheady saw in Section 2.1, the unconstrained Lagrangians (3.42) can be 
also presented in an alternative form that proves convenient when deriving the field equations. 
To this end, one can make a first step in the direction of the unconstrained theory consider- 
ing Lagrangians for fields tjj not subject to the Labastida constraints (3.2) but only invariant 
under constrained gauge transformations. These can be obtained adding to the constrained 
Lagrangians a set of multipliers enforcing on-shell the Labastida constraints, and read 

2^^"'^5:^^tVt(^T7TT)!^'^'^^''''^'''^^^ ^'-''^ 

In this way the two classes of Lagrangians (3.7) and (3.44) give rise to two sets of equations 
of motion that are completely equivalent while, in order to guarantee the gauge invariance of 
(3.44), the C,ijk Lagrange multipliers are to transform as the Ajjfe did in eq. (3.41). Therefore, the 
unconstrained Lagrangians of eq. (3.42) can be recovered from eq. (3.44) via the Stueckelberg-like 
shifts 

Cijk ^ >^ijk - ^ijki^), (3.45) 

where the *i are the compensator fields that we had introduced in Section 2.1 and the Ajjfe(*) 
that appear in the shift of the Lagrange multipliers (^ijk can be formally obtained replacing 
with in the gauge variation of the Lagrange multipliers Xijk, so that the Cijfc are mapped 
into a gauge invariant combination by eq. (3.45). A detailed discussion of the subtleties entailed 
by this step can be found in Section 2.2. 

Both derivations of the unconstrained Lagrangians (3.42) rest on a suitable class of succes- 
sive traces of the Bianchi identities but, as was already stressed for Bose fields in [2], there is 
further freedom to redefine simultaneously the Rarita-Schwinger-like tensor and the A ^fc or (^ijk 
Lagrange multipliers. For instance, the Lagrangian for an unconstrained field ip that only allows 
constrained gauge transformations can be also presented in the form 

= 2(^^^E^ ^,,,(^ + , + i), ri'l'S^'^'^) + Y^iyi3^^T^ii^k)) + h.c. , (3.46) 

where the yijk are gauge invariant Lagrange multipliers and the 5 1^'^' are two-column projected 
7-traccs of <S deprived of the {3, 2*'~^,1^} component originally present in the last term of 
eq. (B.22) ^i, 

V P 

- {P + <l + '^)d[k^\Tnh---Ti^jrl\k2...k^]i' - 5(j„| n ^v>7|j„)fci...fc,V' (3.47) 

n= 1 r^n 

In complete analogy with the bosonic case of [2], the S^'P^t^ satisfy two-column projected 
"anomaly free" Bianchi identities that have the form of eq. (3.26) and, as a result, do not 



Using the techniques of Appendix C, the reader can verify that the other gradient term is already two-column 
projected, thanks to the projection induced in its free indices. 
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contain any terms related to the constraints. Looking back at the derivation of the Lagrangians 
presented in the previous pages, the reader can easily recognize that the Lagrangians (3.46) 
are gauge invariant, and indeed the Rarita-Schwinger-like tensor in eq. (3.46) is manifestly self- 
adjoint. One can then recover Lagrangians for fully unconstrained gauge fields performing the 
Stueckelberg-like shift 

V' ^ V - (3.48) 

The result, however, differs from eq. (3.42) by a field redefinition of the Lagrange multipliers 
Xijk, while the constrained gauge invariance of (3.46) guarantees that the *i compensators still 
enter only via the combinations 

Let us notice, to conclude, that the terms involving the Lagrange multipliers have precisely 
the type of structure identified in the two-family case. The arguments presented there still 
apply, so that when working with the independent compensators all forms of the A^-family 
Lagrangians are invariant provided the Lagrange multipliers transform like 

dX ijk =r]'"' Mijk, Im + l'"^ Nijk; Im , (3.49) 

where Myj. and N^j^i^ are {4, 1} projected in their family indices and are mutually related 
according to 

J^ij{k;l)m + Nkl{i;j)m = - -^{^ijm,kl + Mklm,ij) ■ (3.50) 



3.3 The field equations 

As was the case for generic Bose fields [2], and as wc saw for two- family Fermi fields in Section 2.2, 
recovering the Lagrangian (3.42) from cq. (3.44) via Stucckclbcrg-likc shifts proves particularly 
convenient when deriving the field equations. In fact, retracing the derivation of the constrained 
Lagrangian via the request of self adjointness and keeping track of the constraint terms, one can 
conveniently obtain the equations of motion following from eq. (3.44): 

N 



■ 2-^ i^p,q'l ■■■II J \J o )iiji,...,ipjp;ki...kq 



',9 = 

. N 

I 



2 

p,q = 

- Iri'^l^yijk = 0, (3.51) 

where the tp terms contained in the yijk originate from the hermitian conjugates of those present 
in the second line of eq. (3.51). After some algebra, one can recast the yijk in the form 



N , _^.p+£(2+i)+i 



plqHP + Q + ^)^- (3.53) 
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and the arguments summarized in Appendix C then show that, due to the {3,2^"^,!'^} pro- 
jection, the whole second hne in eq. (3.51) vanishes on-shell on account of eq. (3.52). As a 
consequence, the equation of motion obtained from the constrained Lagrangian (3.7) only con- 
tains the first line of eq. (3.51) while, performing the Stueckelberg-like shift (3.45) as we did 
in Section 2.2, one can recover the equations of motion for the Lagrangian (3.42), that can be 
finally cast in the form 

p,q = ^ ' 

-\^''l''yi3k = 0, (3.54) 



3((? + l)((? + 2)(-l)f + ^ . . ^ 

p ,q = 

x{(p + 2)(g + 3) Ti,j, . . . Ti^j^ jk,... {E-^) 

V V 

r«.>7fc,..fe,U^n|5"'5"(^A)b.)mn} = 0, (3.55) 

n= 1 r^n 

Ex : ^ Zi,k = , (3.56) 

where we have already enforced the last of these, E^, in the field equation for ^. As usual, the 
equations of motion for the compensator fields 'I' j simply guarantee the conservation of external 
currents coupled to the field ip, while the y^jk tensors can be built performing the Stueckelberg 
shift (3.45) in eq. (3.53), barring the subtleties discussed in detail in Section 2.2. 



3.4 Comments on the on-shell reduction to 5 = 

The next step would be the reduction of the various choices for the field equations presented 
in the previous section to the Labastida form 5 = 0. For A^-family fields, the operators on 
which the procedure rests are gl{N) counterparts of those exhibited in Section 2.3, and the 
experience developed with two-family fields suggests that, in low enough dimensions, similar 
types of phenomena related to Weyl-like symmetries should emerge. 

In the following we shall propose a set of conditions identifying the fields with this type of 
behavior, working directly at the level of the field equations, but we shall content ourselves with 
solving them explicitly in Section 3.4.2 for simple but instructive classes of examples. On the 
other hand, in analogy with the bosonic case discussed in [2], one can argue rather simply that 
in the D — > oo limit AT-family gauge fields exhibit a universal behavior, with current exchanges 
that are free of special poles, that can be captured ignoring altogether the intricacies brought 
about by the S'^j operators. In this limit the reduction proceeds along the lines of the symmetric 
case, and the field equations can be directly turned into 5 = 0. Moreover, there are all reasons 
to expect that, even for higher values of N, the special behavior is confined to dimensions 
D < 2N + 1, where the corresponding models should be at most dual to other representations 
characterized by lower values of A'^, although we do not have a complete argument to this effect. 
The wider class of solutions that will be exhibited for AT-family fields in Section 4.1 vindicate 
these expectations. 
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Before coming to these points, however, we would Uke to dwell briefly upon the very meaning 
of the Labastida equation <S = 0, showing that it propagates in general representation of the 
little group 0{D — 2), and thus the expected numbers of degrees of freedom. Combining this 
step with the results of the reduction procedure one can thus conclude that the Lagrangian 
systems that we are proposing describe indeed the correct free dynamics of mixed-symmetry 
Fermi fields. 



3.4.1 The degrees of freedom described by 5 = 

In order to proceed, it is convenient to resort momentarily to an explicit oscillator realization. 
This is attained introducing a set of commuting vectors u*'* to cast a generic multi-symmetric 
gauge field in the form 

Si ! . . . SjV ' 

As a result, divergences, gradients and 7's with family indices take the form 

7^-7^^, Y^l.u^'. (3.58) 

In studying the plane-wave solutions of the Labastida equation, that in momentum space 
takes the form 

^^1; - {p-u')^i^P = , (3.59) 
it is convenient to decompose ip according to 

V' = {p-u')xi + V^, (3.60) 
sorting out its portion ^ that is independent of {p ■ u^). Substituting in (3.59) then gives 

- (p.n')7i^ - ]^{vu^){p-wi)l{iXj) = ^ ■ (3.61) 

Now the three terms must vanish independently, since they carry different powers of {p ■ u'), so 
that (3.61) is equivalent to the three conditions 

^V' = 0, (3.62) 
7i^=0, (3.63) 
7(iXj)=0. (3.64) 

First of all, one can notice that (3.64) subjects Xi to the Labastida constraints, so that the first 

contribution in cq. (3.60) can be gauged away altogether. One is then left with -0, that is subject 
to the Dirac equation (3.62). This implies the mass-shell condition = 0, so that one can take 
a momentum p with a single non- vanishing light-cone component, p'^ . As a result, the lack of 
dependence of on (p • n') translates into the conditions 

5^ = , (3.65) 
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while the Dirac equation (3.62) turns into the standard projection 



7+V = 0, (3.66) 
that halves the on-shell components of V'. Finally, eq. (3.63) becomes 

7+ + 7- ) ^ = , (3.67) 

where we have used m to denote the spatial Lorentz index in order to distinguish it from the 
family indices. Multiplying eq. (3.67) by 7+ and making use of eq. (3.66) one is finally led to 
the conditions 

^ = , (3.68) 



7^ ^ = . (3.69) 

All components of tp along the two light-cone directions thus are absent on account of 
eqs. (3.65) and (3.68), while eq. (3.69) forces the remaining transverse components to be 7- 
traceless. In conclusion, the Labastida equation propagates in general representations of the 
little group 0{D — 2), as expected on account of its uniqueness. Let us stress that at this stage 
these are reducible representations, since we did not enforce any projection on tp. In Section 
4 we shall explain how to project fields and gauge parameters in order to describe irreducible 
representations . 

We can conclude this short section by displaying a similar argument, not included in [2], that 
proves that the bosonic Labastida equation propagates in general representations of the little 
group 0{D — 2). In the same notation used above for Fermi fields, the starting point is now the 
decomposition 

^ = {p-u')Ci + $ , (3.70) 
with (f independent of {p ■ u^). Substituting in the momentum-space field equation 

p^if - {p-u')diip + ^{p- u') (p ■ u^) T,j 99 = (3.71) 

one obtains 

p^^ - {p.u')diip+^{p- u') {p ■ u^) Tij Ip + ^{p.u')(p- u^) ip ■ vl') T^ij Cfc) = , (3.72) 

where again the terms with difi^erent powers of {p ■ u^) must vanish independently. As a result 
one is led to the conditions 

p'^ip = , (3.73) 
^ = , (3.74) 
Tij ^ = , (3.75) 
T^ijCk)=0. (3.76) 

Eq. (3.76) now implies that one can gauge away the d, since they are subject to the Labastida 
constraints, and eq. (3.73) then leads to the mass-shell condition, so that one can let again 
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p = p^. ^ is by construction independent of {p ■ which now translates into its independence 
from When combined with eq. (3.74), this imphes that ip has only transverse components, 
while finally eq. (3.75) implies that all traces of ip vanish. In conclusion, one is led once more to 
representations of the little group 0{D — 2). 

Notice that neither the triple 7-trace constraints for Fermi fields, nor the double trace con- 
straints for Bose fields, were needed to come to this point directly from the non-Lagrangian 
equations. This is in contrast with what we shall see in Section 4, where they will have a direct 
bearing on a different, off-shell counting of degrees of freedom. 

3.4.2 Weyl-like symmetries 

In Section 2.3 we classified the two- family fields whose equations of motion do not reduce directly 
to the Labastida form 5 = 0. We saw that this can happen only if the S spinor-tensors satisfy 
special conditions, and in order to pinpoint their nature we looked for solutions preserving both 
the Bianchi identities and the triple 7-trace constraints induced on S by the corresponding 
constraints on the ip fields. Finally, in Section 2.3.1 we showed explicitly that in all these cases 
new Weyl-like gauge transformations emerge, that can be used to complete the reduction to 
<S = by suitable gauge-fixings. 

This suggests another convenient starting point to classify the sporadic cases exhibiting this 
type of behavior. To begin with, in complete analogy with the discussion presented for two- 
family fields, all forms of the equations of motion can be reduced to 

- Iv^'l^y^k = 0, (3.77) 
E-^ : ^ T^,j ifk) = =^ T^ij ^fc) = 0, (3.78) 

possibly after a partial gauge fixing eliminating the compensators. Even in the /^-family case 
eq. (3.77) generally sets to zero the 7-traceless part of 5. As a result, one can reduce the problem 
of classifying the fields whose equations of motion are not invcrtible to that of classifying the 
Weyl-like gauge transformations of ip that leave invariant the 7-traceless part of 5. In fact, by 
construction these transformations leave invariant both the Bianchi identities and the constraints 
induced on S provided they also preserve the Labastida constraints on ^Z', so that the fields 
allowing them are good candidates to look for cases where the direct reduction of the field 
equations is not possible. In the next few pages, following this approach, we shall propose a 
set of conditions identifying these Weyl-like shifts, and we shall also argue that they exhaust 
all relevant shift symmetries of the Bianchi identities. Finally, we shall argue that, as we saw 
explicitly for two-family fields, the resulting transformations leave invariant the equation of 
motion (3.77) when they are combined with proper shifts of the yijk, and a fortiori that the 
conditions leading to them classify the fields whose equations of motion do not reduce directly 
to the Labastida form. 

The discussion in Section 2.3 suggests to consider generic Weyl-like gauge transformations of 
the form 

= v''''...v'''''l''---''@nn,...,ipjp-M...k,- (3.79) 
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They affect the kinetic spinor-tensor S according to 

SS = -iqrf^^^ ... rf^^^ ^^^■■■^"-^ iy{D - q - l)Q 

+ ^ ® ...,i^-^„j^^^,...,l(in;jn)ki...kg-i + ^^"^l®iiji,...,ipjp;mki...kq-i r 



n = l 



(3.80) 



— I ■ 



r]^-^^ . . . r]'' ^7 ^ ''+^5 6iiji,...,ip_ijp_i,;[fei;A;2...A;q+i] 



while in view of the detailed analysis of Section 2.3 the relevant conditions should reduce 
eq. (3.80) to its last term. Moreover, we saw in eq. (2.104) that, for two family fields, one 
ought to combine different types of parameters carrying identical numbers of family indices. In 
the A'^-family case, one is thus led to consider Weyl-like shifts of the form 



6^ 



E„hjl „ipjp ^ki...kq-2p (p)[p,q-2p] , . . . , , 
'/ . ■ ■ '/ J iiji,...,tpjp;ki...kg- 

p = 



(3.81) 



involving q family indices distributed in all possible ways between jy's and 7's. These affect the 
kinetic spinor-tensor S according to 



p = 



provided the chains of p-dependent conditions 



)■ 



(3.82) 



e[p+i,9-2(p+i)] . . ■ ■ ni. I. I. 1 

(^q — 2p - I ) [q — 2p) iiji,...,«pjp,i[fci ;fc2---fcq-2p-ij 

+ {D-q + 2p-l) e^P'i-'Ph,n,...,ipjp;lkr...kg.,p., 
p 

+ e[p.9-2p] ,/■ . ■ M. I. 



(3.83) 



n = l 



hji,--- ,ipjp;'rnki...kq-2p-i 



= 



hold for the allowed values of q. Actually, when N index families are present p cannot take 
in general all values between zero and the integer part of q/2, so that the relevant range for 
eq. (3.83) is 

/ [ r, - Ml \ To-ll 

(3.84) 





' q-N' 








) <P< 




2 


2 



simply because for a given N there is an upper limit for the number of indices that can be carried 
by an antisymmetric product of 7-matriccs. Similar considerations apply to the lower ends of 
the sums in cqs. (3.81) and (3.82), while their upper limits are explicitly displayed. Moreover, 
although in principle one should take into account all values of q not exceeding the rank J2iLi 
of the spinor-tensor tp, the two-family example suggests to confine the attention to g < 2N, since 
the (on-shell) Labastida constraints (3.2) annihilate all combinations of more than 2N 7-traces 
acting on i/^. 
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An admissible shift symmetry of tp must also preserve the Labastida constraints (3.2), that 
hold off-shell in the constrained theories and are enforced on-shell in the unconstrained theories 
by the equations of motion (3.78) for the Lagrange multipliers. Our experience with two-family 
fields gives us confidence that the conditions (3.83), together with the Labastida-like constraints 

suffice to preserve the Labastida constraints on i/j in eq. (3.78), although we have not carried out 
in full detail the type of analysis leading to eqs. (2.119), (2.120) and (2.121) for the general shifts 
of eq. (3.81). Once the Labastida constraints on ip are satisfied, similar constraints on S hold by 
construction, and moreover the shifts (3.82) are bound to preserve the Bianchi identities, simply 
because they originate from ^ shifts. Furthermore, the «S ( 6 ) satisfy the same set of conditions 
(3.83) as the 6 parameters, since the S^j operators commute with <S. 

On the other hand, one can sharpen the correspondence with the analysis of Section 2.3 
considering directly the shifts 

SS = r?^^^^.. r?«^7'^-'''J^im,...,^,,,;fei...fc, (3-86) 

of the Labastida spinor-tensors S, where for simplicity we consider a single term of the sum 
corresponding to eq. (3.82). They lead to the variations 



+ ^ ^ ■■■,ir^njr=^n,-,l(in;jn)kl...kg-l ^ ^ I ^ hjl, ... ,ipjp;m kl... kq-1 \ 
n — ^ ) 



n = l 
1 p 



(3.87) 



2 g + 



^ r 'I ■■■II J ^^iiji,...,ip_ijp_i,l[ki;k2...kq+i] ^ 



ji,... ,ipjp]ki...k 



of the Bianchi identities, where the omitted terms contain overall gradients. Notice that the ^ 
terms have the same structure as the terms within brackets in eq. (3.80), and are thus eliminated 
by the conditions (3.83) , that are hence plausibly not only sufficient but also necessary to preserve 
the Bianchi identities. All gradient terms, that we have not displayed for brevity in (3.87), must 
in fact disappear if eq. (3.83) holds, since they cannot cancel against the last term, that vanishes 
if O ~ 5 (O) with a 6-parameter satisfying eq. (3.85), so that a fortiori the 0-parameters are also 
to satisfy the Bianchi identities. In conclusion, if as we expect the conditions (3.83) preserve the 
Labastida constraints when they arc combined with eq. (3.85), the transformations (3.82) share 
all the key features of the Ansatz that in Section 2.3 made it possible to classify the sporadic 
two-family cases with pathological reductions. This should not surprise the reader: looking for 
shift symmetries that preserve the Bianchi identities as we did in Section 2.3 is equivalent to 
looking for shift symmetries of the field equations that can be realized directly in terms of tp. 

The next issue is to understand whether the shifts of S that we have identified lead to 
symmetries of the field equation (3.77), possibly when combined with proper shifts of the y ijk 
spinor-tensors. Since the structure of the Rarita-Schwinger-like tensor is fully determined by the 
Bianchi identities and their 7-traces, the promotion of the symmetries of the Bianchi identities 
to symmetries of the equation of motion for -ip is really expected. For instance, one can neatly 
recover it for the simplest Weyl-like transformation of the Labastida tensor, 

6S = j'ni, (3.88) 
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since our previous analysis selects Qi parameters satisfying 

{D -2)ni+ 2S^ i^j = 0, (3.89) 
while eq. (3.88) induces the variation 



AT 



p. 9 = 



p,? = 

p,9 = n= 1 r 

AT 

+ (-l)^A:p,,^7*^^^..?7^-^■-7'^•••'''7'%2P-^l«}(n2^K}^^m•■■^^^^^^^ (3-90) 

p,g = 

of the Rarita-Schwinger-likc tensor £ of eq. (3.30). In the variation of eq. (3.77), the last line 
in eq. (3.90) can be compensated by O-dependent shifts of the yijk tensors, on account of its 
three-column projection. On the other hand, the first three lines should vanish directly, and 
they indeed do provided they combine to rebuild eq. (3.89). Starting from the rules collected in 
Appendix A, one can indeed prove that 

p p 

[^ilil- • •^ipjp7fel...fe<, , 7'] (-1)9+1 = (-1)'' E n '^irjrT{in\[kllk2...k^]^\jn) (3-91) 

n= 1 r^n 

p p 

so that, restricting the attention to two-column Young projections, one can finally show that 

p p 

[Y{2P,ll}Tnh---Ti^jj,lkl...kq,l^\ {-1)1+^^1 = Y{2P,11} ^ W Ti^jrlkl-kgiin^jn) 

n = lrjtn (3.92) 
+ Y{2P,ii}Ti,j,... Ti^j^-f[k,...k,-i\{{D + p + q - + 25V,]^^} • 

Substituting this identity in eq. (3.90) and combining the terms containing the same invariant 
tensors finally gives 

TV 

S£ = kp^g r?*i^i . . . T]'^^^ ^kr...k^ X 

p,q = ' (3.93) 

X y{2v,ii}Ti^h ■■■ ^ipjp7[fei...fe,-i| { {D-2)n\kg] + 25''|fc^]fii| + ... , 

where we have omitted the last line of eq. (3.90), since we have already stressed that proper shifts 
of the yijk tensors can cancel it. This expression extends the two-family result of eq. (2.122) and 
shows clearly that the field equation (3.77) is left invariant by the transformation (3.88) with 
parameters subject to the conditions (3.89). It is reasonable to expect that similar results hold 
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for the generic Weyl-like shifts (3.82) whose parameters are subject to the conditions (3.83), but 
we do not have a complete proof of this fact, although concrete indications to this effect can be 
found in Appendix D. 

Let us conclude by stressing that the emergence of Weyl-like symmetries could be also in- 
vestigated directly at the level of the action, and a brief digression on this matter is perhaps 
instructive. First of all, let us stress that one should also take into account the degenerate cases 
in which the tensor <S (or, more generally, one of its 7-traces Tj^jj . . . Ti^j^ ^ki...kq S) vanishes 
identically. These are not captured by our previous analysis that was just meant to identify 
the conditions under which the equation £" = does not reduce to 5 = 0. Actually, we already 
came across an example of this sort in Section 2.3, an irreducible {1, 1} field in two dimensions. 
And indeed, as we shall explain in some detail in Appendix D, <S = for all fully antisymmetric 
spinor-tensors carrying N space-time indices m. D = N. Barring these special cases, we can now 
discuss how to restate our previous results from this viewpoint. For brevity, we shall however 
content ourselves with rephrasing in these terms the simplest Weyl-like symmetry involving a 
single 7*, already analyzed for two-family fields in Section 2.3 and for A''-family fields here. Let 
us therefore consider a transformation of the field if) of the form 

5il; = 7*6^. (3.94) 

The corresponding variation of the constrained Lagrangian (3.7), to which we restrict our at- 
tention for simplicity, reads then 

(5£ = -2 (Gi, 7if), (3.95) 

thus stressing again that the emergence of Weyl-like symmetries is actually related to conditions 
on 7-traces of £. Following steps similar to those leading to eq. (3.93), one can show that 

= [{D-2)5'^i + 2S'^i] X 

N 

X ^ (Q + l)A;p,,+i ^1^1... V->7'^-''>^{2M.+i}ri 

p,q = 

since the three-column projected terms are annihilated by the Labastida-like constraints (3.4) 
on »S. All in all, the invariance of C therefore translates into the conditions (3.89), that we 
already met for two- family fields in eq. (2.103) and that can be recovered in this fashion moving 
the 5' j-dependent operator to the left in the scalar product. 



4 Irreducible fields of mixed symmetry 

The gauge fields V' considered in the previous sections were only symmetric under interchanges 
of pairs of vector indices belonging to the same set, but did not possess any symmetry relating 
different sets. In other words, they were reducible gl{D) spinor-tensors. Fields of this type 
naturally emerge in String Theory, where they are associated to products of bosonic oscillators, 
together with more general reducible gl{D) tensors, some sets of whose indices are actually 
antisymmetrized rather than symmetrized. We shall explain how to adapt our construction to 
this other class of fields in Section 5, but in the following we would like to concentrate briefly 
on irreducible gl{D) spinor-tensors, still with manifestly symmetric index sets. Fields of this 
type can be associated to Young diagrams, and are more akin to the familiar low-spin examples. 



-^ipip lmki...kq S ) 



(3.96) 
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In contrast with the more familiar (Majorana-)Weyl projections, these irreducibihty conditions 
only affect in a non-trivial fashion the vector indices carried by the ijj fields, so that the changes 
induced in the present case are actually along the lines of what we already described in [2] for 
Bose fields. For completeness, however, we now briefly adapt the irreducibihty constraints to the 
present fermionic setting and display their solutions. We also present an instructive counting 
argument for the propagating degrees of freedom for irreducible two-family spinor-tensors. 

Irreducibihty requires that a vanishing result obtain if one tries to symmetrize all vector 
indices of belonging to a given family with any additional index of the lower lines of its Young 
diagram. In terms of the S''j operators introduced in Appendix A, this condition reads 

S'j^ = 0, yi<j, 2<j<N, (4.1) 

where N is the number of families. The Fang-Pronsdal-Labastida kinetic operator (2.5) com- 
mutes with the S'^j operators, as was the case for its bosonic counterpart [2], and in a similar 
fashion the Rarita-Schwinger-like tensors of eq. (3.30) also commute with the S'^j operators, on 
account of the relations 

[S^n,v''''---r]'^''l'''-'"'Ti,j,...Ti^j^^k^...kJ = 0, (4.2) 

or more simply because they are "family" scalars. As a consequence, in the constrained theory 
the Lagrangians can be presented in exactly the same form (3.7) and (3.28) for both reducible and 
irreducible gauge fields. For irreducible fields, however, not all 7-traces of remain independent, 
and therefore it is also possible to reduce the number of terms appearing in them, although the 
redundant description is anyway correct and has the further advantage of being universal. An 
illustration of this fact may be found in Section 4 of [2] . 

At any rate, in general irreducible ip fields involve fewer independent gauge parameters and 
constraints with respect to their reducible counterparts, and it is interesting to characterize them. 
The gauge transformations (2.6) take the same form as their bosonic analogues, and therefore 
the considerations of [2] apply verbatim. In particular, the requirement that the constraints 
(4.1) be preserved by gauge transformations leads to 

d'' {S'jek + 6k'e,) = 0, Vi<j, 2<j<iV, (4.3) 

and thus, up to gauge-for-gauge transformations, to 

S'jSk + Sk'ej = 0, \/i<j, 2<j<N. (4.4) 

As for Bose fields, the that solve this system can be built from the available Young-projected 
ei, that exist only when the corresponding Young diagrams, obtained stripping one box from 
the original diagram of i/j, are admissible. With this proviso, one can solve eqs. (4.4), obtaining 

k k-1 

eAT-ik = e'AT-jk + ^ ^ [lk]i-^^,„^ S^~^'^N-kS^^^'''^N-ii ■■■ S^~'^'^N-ii_i'^N-ii, (4.5) 

1 = 1 n >...>i; >0 

where 

1 ' 1 

SN-ii - SN-k + k - k SN-ii - ^N-ih + k-ih' '^'^'^^ 

For each of the original gauge parameters e^, the expansion (4.5) in powers of the <S"j operators 
thus starts with the corresponding irreducible ?j, if this exists, but in higher orders it also 
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receives contributions from other irreducible ?iv-fc parameters corresponding to lower values of 
k. Let us stress again that the irreducible parameters are in one-to-one correspondence with the 
admissible Young diagrams obtained stripping one box from the original diagram of the spinor- 
tensor ip. As a result, they are in general fewer than the number of families. For instance, a set 
of k lines of identical length gives rise to k distinct gauge parameters in the reducible case but 
to a single gauge parameter in the irreducible case. This was first pointed out in [11, 30], and 
here we are thus providing an explicit derivation of the result. 

Eqs. (4.4) induce an identical set of conditions on the ^'j compensators, 

S'^n'^i + S'^i^n = 0, ym<n, 2<n<N, (4.7) 

and computing a 7-trace of eq. (4.7) then leads to the relations satisfied by the composite 
compensators ^jj(^'), 

S^'nUji^) + S"'ii^j)n{^) = 0, ym<n, 2<n<N. (4.8) 

In a similar fashion, applying 5™„ to the symmetrized triple 7-trace of the gauge field tp, one 
can identify the conditions satisfied by the constraint tensors Z^j^, and consequently by the 
Lagrange multipliers Xijk, 

S'^nXijk + S"'(iX,jk)n = 0, ym<n, 2<n<N. (4.9) 

In analogy with the result described for the gauge parameters, one can see that eqs. (4.9) 
associate an independent irreducible Lagrange multiplier to each admissible Young diagram 
obtained stripping three boxes from that of the original spinor-tensor gauge field. Actually, the 
5**^ operators satisfy Leibnitz's rule, and as a result explicit solutions of eqs. (4.8) and (4.9) can 
be obtained tensoring the solutions (4.5) of eq. (4.4). 

This concludes our cursory look at the restrictions on the field content in the irreducible case. 
As we already stated, similar conditions can be used to relate the irreducible Young projections 
of the various 7-traces appearing in the Rarita-Schwinger-like tensors, in complete analogy with 
what was illustrated in [2] for some types of Bose fields. 

An important, related issue, has to do with the propagating modes of these systems. While the 
argument presented in Section 3.4.1 can be adapted to this irreducible case by simply enforcing 
on the irreducibility conditions (4.1), possibly together with the available (Majorana-)Weyl 
conditions, it is perhaps instructive to count in detail the propagating modes, taking into account 
all Labastida constraints on the independent components of the field V" and of the parameters 
selected by the procedure that we have just illustrated. We shall content ourselves with the case 
of generic irreducible two-family gauge fields V'/ui.../Usi,i/i...i/s2' since the combinators behind 
this argument becomes readily clumsy as the number of index families increases. 

Following the procedure proposed in [35], the number of physical degrees of freedom propa- 
gated by an {si,S2} Young projected two-family gauge field ip is 

Nd.o.f. = \ -3N,, + 5iVgj,.,) , (4.10) 

where , A^g . and AT^j.^.j denote the numbers of independent components of the constrained 
irreducible gauge field i/j, of the two constrained irreducible gauge parameters ?i and of the 

^^Thc fields could be also subject to (Majorana-)Wcyl projections, but these do not play a direct role in our 
arguments. For brevity, we assume that si > S2 + 1 > 2 in order to leave out special degenerate cases, and that 
£) > 5 so that the corresponding {si,S2} representations of o{D — 2) exist. 
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single constrained irreducible gauge-for-gauge parameters e^ijj. In order to identify these con- 
tributions, let us begin by decomposing the spinor-tensors of interest in o{D) representations. 
This procedure differs slightly from the one used in the examples of [12], since it focusses directly 
on quantities that survive the Labastida constraints (3.2) and (3.10), bypassing somehow the 
potential difficulties introduced by the linear dependence of the constraints. 

The decompositions of gl{D) unconstrained two- family gauge fields and gauge parameters 
?j in terms of o{D) representations would read 

■ {si,S2}gl = {Si, S2}o © {Sl - 1, S2}o © {«!, ^2 " l}o © {«! " 2, 82)0 © ^2 - 2}o 

© 2{si - 1,S2 - l}o© 2{si -2,S2 - l}offi 2{si - 1,S2 -2}o (4.11) 
© 3{si -2,S2 -2}o© ... , 

where the gl and o subscripts are meant to stress that on the left-hand side we refer to gl{D) 
representations, that as such include all (7-)traces, while on the right-hand side we refer to o{D) 
representations, where all (7-)traces have been removed. In a similar fashion 

?! : {Si - 1, S2}gl = {Si - 1, S2}o © {Sl - 2, 82)0 © {Sl - 1, S2 - l}o © {«! - 1, S2 - 2}o 
© 2{si-2,S2-l}o© ••• , 

e2 : {Sl, S2 - l}gl = {S1,S2 - l}o © {Sl - 1, S2 - l}o © {si, S2 - 2}o © {Si - 2, S2 - l}o 

© 2{si - 1,S2 -2}o© ... , (4.12) 

where we have refrained from displaying terms that arc manifestly related to the Labastida 
constraints. These include all contributions to ^/^ obtained removing at least three boxes from 
the same row and all contributions to the ?i obtained removing at least two boxes from the same 
row. For two-family fields it is then relatively simple to sort out in eqs. (4.11) and (4.12) the 
o{D) components that survive the Labastida constraints. Denoting by [si,S2] the dimension of 
the o{D) representation with si boxes in its first row and S2 boxes in its second row, one thus 
obtains 

= [SI,S2] + [S1-1,S2] + [S1,S2-1] + [Sl-2,S2] + 2[si-l,S2-l] 

+ [si,S2-2] + [Si-2,S2-1] + [si-l,S2-2] + [si-2,S2-2] 

and 

ATg. = [S1-1,S2] + [si,S2-l] + [si-l,S2-l] + [si-2,S2-l] + [si-l,S2-2]. (4.14) 
Furthermore, the same constraints imply that the only available is 7-traceless, so that 

iVg,,^., = [s,-l,S2-l]. (4.15) 
Taking into account all these contributions and making use of eq. (A. 38), one is finally led to 

^^-^• = '^ ' \s, + iy.S2l {D-4V. iD-6V. (^ + -1 + ^^-4). (4.16) 

which is precisely the dimension of the {si,S2} irreducible representation of o{D — 2), up to 
a possible overall factor refiecting a (Majorana-)Weyl projection that we have not considered 
for brevity. Similar results can be presented for Bose fields, and in principle one could also 
adapt these arguments to fields with larger numbers of index families, taking into account larger 
numbers of leftover o{D) components and the presence of further gauge-for-gauge parameters. 
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4.1 An application: some Lagrangians with Weyl-like symmetries 

The search for Weyl-invariant Lagrangians can be performed considering directly irreducible 
fields and, as we shall see shortly, the relations displayed in the previous section greatly simplify 
the analysis of the conditions identifying those symmetries. We thus conclude this section by 
displaying some non-trivial solutions of eqs. (3.83). To begin with, we can show how to solve all 
these conditions for the special case of single-column spinor-tensors carrying s vector indices. 
In Section 2.3.2 we presented concise forms for their Lagrangians, that vanish manifestly for 
s < -D < 2 s, and we noticed that the formal expressions for their field equations in terms of 
S should possess Weyl-like symmetries. We can now recover this result solving the conditions 
(3.83) for spinor-tensor forms. First of all, in this case the r/*-' tensors do not enter Lagrangians 
and field equations, so that the chains of conditions (3.83) reduce to the far simpler independent 
equations 

{D-q-1) e[«lfe,...jk^_,i + 25'",e[«lfe,...fe,_,^= 0, (4.17) 
whose solutions identify Weyl-like shifts of the form 

Si; = 7'=^-*^''e[''lfc,...fc,. (4.18) 

Let us also stress that no other conditions are to be imposed on these parameters, because all 
spinor-tensor forms are unconstrained. Furthermore, for this type of fields S'^ii/j = for all 
I 7^ m, since it is clearly impossible to symmetrize their space-time indices. As a result 

= S^'iSil^ = ^^^■■■^'^ (5"^ie[«l,,..^+ (-l)«+i5-[fe,e[^]fc,...fc,];) , l^m, (4.19) 

so that eq. (4.17) becomes 

{D-2N+q-l) @^''\,...k,_,i = 0. (4.20) 

Fully antisymmetric fields can admit a single independent g-th 7-trace, that as we now see is 
left undetermined in D = 2 N— q + 1, since it can be shifted by non-vanishing Q^i^ parameters. 
For one-column fields the number N of families appearing in eq. (4.20) is equivalent to the total 
number s of space-time indices carried by the field "ip. Therefore, as expected, we are recovering 
the existence of Weyl-like symmetries for these fields for s + l<D<2s. Notice, finally, that 
the Lagrangians (2.165) also vanish manifestly for D = s, but in these cases the S spinor-tensors 
vanish as well, as one can see computing explicitly their only available component. This explains 
why these special space-time dimensions do not emerge from the previous discussion. Further 
comments on this case can be found in Appendix D. 

We can now supplement the classification of Section 2.3 of the Weyl-like symmetries emerging 
in the two-family case by displaying some interesting classes of irreducible iV-family fields that 
allow Weyl-like shifts of the form 

S^ = -f'@i. (4.21) 

In this case the irreducibility of tp translates into the conditions 

S'kQj + S'j&k = {i<j) (4.22) 

on the Gj, to be combined with the conditions allowing (4.21) to define a Weyl symmetry, that 
were given in eq. (3.89) and that we can rewrite in the convenient form 

{D + 2si-i)@i+ 2J2S^ i&j + 2j2sUQj = {i = l,...,N), (4.23) 

j<i j>i 
^^Here and in the rest of this section no summations are left imphcit. 
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where Sj denotes the number of Lorentz labels in the i-th family for the spinor-tensor if). 
Eqs. (4.22) finally reduce (4.23) to 

[L» + 2si-2(i + l)] Gi - 2 ^5^i5%ei = (i = 1 , . . . ,iV) . (4.24) 

The sum is absent in the last of these equations, that is simply 

[£> + 2sAr-2(Ar+l)] Gat = 0, (4.25) 

and selects the condition 

D + 2sN = 2{N + 1) (4.26) 

to recover a Weyl-like symmetry with a non-vanishing B m parameter. As a result, one can 
conclude right away that no solutions of this kind exist in odd dimensions, or if D > 2iV, 
consistently with the tables of Section 2.3 and with the considerations made at the beginning of 
Section 3.4. Inverting the diagonal equations in (4.22) would give 

Qi = ^-—S^iQ^ {i<j), (4.27) 

Si — Sj + 1 

up to possible homogeneous solutions. At any rate, @ n is non-trivial, all the for i < N 
are also non trivial, since in our conventions Sj > sj. 

Turning to the other equations with i < N, one can notice that the irreducibility conditions 
(4.22) also imply that the operators i j act diagonally on 0^. In fact, i and 5* j are but 
,nd L^-'^ operators for the su{2) 

for which 



the L^^^ and L^''^ operators for the su{2) subalgebra of gl{N) connecting the two rows i and j, 



Lf^ = \{SU-S^i) (4.28) 
while eq. (4.22) implies that 

L%^'^ = , Qj = - lJ-^'^ 8^ . (4.29) 
As a result, @i and Q j have the same "total angular momentum" quantum number 

^,,{Q,) = UJ{Q,) = '-i^^±l, (4.30) 

that is also the "magnetic" quantum number of @j, that lies at the tip of the su{2) chain and 
lacks one space-time index of the j-th row when compared to the gauge field ip. At the same 
time, the "magnetic" quantum number of Oj, that lacks an index in the i-th row compared to 
tp, is 

m.,(e,) = (4.31) 

so that finally 

S^iS'.e^ = {si-sj + l)ei. (4.32) 
In conclusion, the remaining equations (4.24) with i < N reduce to the chain of conditions 

N-l 



iN-i-l)si- ■ 
j = i+l 



Qi = (i = l, ... ,iV-2), (4.33) 
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while the (A*" — l)-th condition is also identically satisfied on account of eq. (4.26). Notice that, 
as we anticipated, on account of the irreducibility all the 0j must be non- vanishing to define 
a non-trivial solution when eq. (4.26) holds. One thus identifies the {s, . . . ,s,S]^} irreducible 
fields with s arbitrary and S]\[ < N in the space-time dimensions determined by eq. (4.26). We 
shall content ourselves with this general class of solutions, although others with vanishing G n 
exist in low-enough dimensions. 

The solutions that we identified are also to preserve the Labastida constraints (3.2), and in 
eq. (2.128) we have seen that, whenever eqs. (4.23) hold, for the Weyl-like shifts that we are 
considering this is guaranteed by the additional conditions 

T^^Jlk)@l = 0. (4.34) 

On the other hand, the conditions (4.22) imply that all 0; parameters have the same gl{D) 
structure as the irreducible Oat, that in this sense represents the most convenient choice for 
the single independent quantity left over in eq. (4.23). Therefore, the transformations of the 
{s, . . . , s, 1} fields in D = 2 iV rest on this {s, . . . , s, 0} conformal Weyl parameter, that in this 
space-time dimension admits a 7-traceless component that as such cannot be affected by the 
triple 7-trace constraints (4.34). This is consistent with the fact that for two-family fields we did 
find explicitly that {s, 1} fields admit Weyl-like symmetries of the type (4.21) compatible with 
the Labastida constraints. In this fashion, we have shown that Weyl-like symmetries emerge in 
a class of examples that are richer that fully antisymmetric spinor-tensors, and already display 
the key features of generic mixed-symmetry fields. On the other hand, for higher values of sat 
a standard theorem already quoted in Section 2.3.2 (for which we refer the reader to the first 
reference in [33], §10-6) implies that a 7-traceless component does not exist for {s, . . . , s, sjv — 1}- 
projected parameters inZ) = 2(A'' — Siv + l),so that the previous considerations protecting this 
type of shift are no more available. While we do not have a complete argument, our explicit 
analysis of two-family fields makes us expect that the triple 7-trace conditions eliminate at least 
some of these solutions (4.26) in low enough space-time dimensions. Let us close this section by 
stressing that even these new classes of solutions emerge in space-time dimensions D < 2N + 1, 
in agreement with the considerations made at the beginning of Section 3.4. Moreover, the 
standard theorem just recalled shows that all these fields do not propagate any local degrees of 
freedom. We do not know whether all these {s, . . . , s, s^} models have vanishing actions, but in 
Section 2.3.2 we have already seen that the simplest member of this class, a {2, 1} field in two 
dimensions, does not, so that it is reasonable to expect that they all behave in the same fashion. 



5 Multi-form spinor-tensors 



In the previous sections we have described the properties of multi-symmetric gauge fields of 
the type V'mi---Msi,i'i---i's2 ' ^^^^ general propagate the degrees of freedom of reducible rep- 
resentations of the Poincare group. As we have seen, this "redundant" reducible description 
is particularly convenient to manifest the structure of the algebraic constraints on fields and 
gauge parameters, but it is also tailored for the comparison with massive string spectra, where 
fields of this type are the natural counterparts of products of bosonic oscillators. Superstring 
spectra, however, also involve fermionic oscillators, and it is thus interesting to describe how 
the previous results can be adapted to the case of multi-form fermionic gauge fields, for which 
the indices belonging to a given family are fully antisymmetric. As we shall see shortly, the 
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algebraic properties of the basic operators are altered to some extent, but the structure of the 
whole construction remains pretty much unaffected in this variant of the formalism. 

The first ingredient for moving from multi-symmetric fields to multi-forms is a proper defini- 
tion of the operators that we used in the preceding sections. As we have seen in Section 3.4.1, 

one can describe multi-symmetric spinor-tensors in an explicit oscillator realization contracting 
their vector indices with commuting vectors tt*^, as in eq. (3.57). One can then adapt the basic 
operations of eq. (3.58) to the case of multi-form gauge fields replacing the commuting u*^ with 
anticommuting 6^^ vectors, so that 

Ti^T'^^, 7^^-7.^^^ (5.1) 

where for convenience we have also flipped the sign in the definition of the 7* Moreover, it 
is convenient to adopt the conventions 

{7,,^^^} = 0, {7/.,^} = 0. (5.2) 

The key ingredients of our construction arc the algebraic properties of the operators that we 
have introduced, and with the definitions (5.1) divergences and gradients become anticommuting 
objects satisfying 

{di,di} = U8^, (5.3) 

while the 7's now satisfy the algebra 

[7i, 7j] = 2Tij, 

[7S7''] = -4r?^^ (5.4) 

that defines the antisymmetric Tij and 77 ^-^ operators of the present setting. 
Furthermore, multi-form gauge fields have the gauge transformations 

5^ = d'ei, (5.5) 

that maintain the form of eq. (2.6) but now admit the gauge-for-gauge transformations 

Sei = e(^ij) , Se(^ij) = d'' ei(^jk), ... (5.6) 

with parameters that are symmetric under the interchange of their family indices. This property 

reflects the well-known fact that gauge-for-gauge transformations are already present for one- 
family fields, that correspond to spinorial forms in the antisymmetric basis. Taking into account 
that 

{di,^} = (5.7) 

and following almost verbatim the reasoning that led Labastida [30] to the S tensor of eq. (2.5), 
one can now identify the basic kinetic tensor of the theory, 

5 = + , (5.8) 



^''With the definitions of eq. (5.1), the terms in the Lagrangians that already show up for spin-3/2 fields retain 
the usual coefficients. 
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as the gauge invariant completion oi ^ip. As in the muhi-symmetric setting, the gauge invariance 
of <S can be attained at the price of suitable constraints on the gauge parameters, 

= 0, (5.9) 

since 

5S = '-d'd^^[iej]. (5.10) 

In analogy with the presentation of Section 2.1, unconstrained equations of motion obtain per- 
forming the Stueckelberg-like shift 

^P^tP-d'^i with 6^i = ei, (5.11) 

that builds the unconstrained gauge invariant kinetic tensor 

W = S - i d'd^ (5.12) 

As in the multi-symmetric case, only the composite compensator fields 

Ujm = \i[i^j], (5.13) 

that are now antisymmetric, appear in W, due to the constrained gauge invariance of S. 

The other key ingredients of the construction developed in the previous sections were the 
Bianchi identities satisfied by S, that now become 

diS - \ ^^iS - \ d^TijS - ^ d^jijS = -1 5^aJr[,,-7fe] V, (5.i4) 

where one can recognize the first two members of the family of symmetric operators 

1 

7n...in = 7(n7i2-- - 7i„)- (5-15) 

The Bianchi identities (5.14) identify the analogues of the Labastida constraints (2.18) for multi- 
form fields, 

Tiijjk]il^ = 0, (5.16) 

that can be enforced off-shell, from the very beginning, or equivalently only on-shell, via Lagrange 
multipliers Xijk, that are now totally antisymmetric in their family indices. For brevity, in 
the following we shall confine ourselves to showing how the details that led to the constrained 
Lagrangians are modified in the present multi-form setting, since the unconstrained Lagrangians 
behave similarly. 

First of all, one can verify by a direct computation that for multi-forms the constraints (5.16) 
induce the relations 

T[,,7fe]5 = 0, (5.17) 
so that the only non vanishing combinations of 7-traces of S are now two-row projected, 

{n!^''^S^P^)k:,...k„;iiji;...;ipjp = ^ip+q , p} T^j^ ■ ■ ■ Ti^j,, J ki . . . S . (5.18) 

This property can be easily proved adapting the arguments of Appendix C. Working in the 
antisymmetric basis for Young tableaux is particularly convenient in this context, while the 
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relevant consequences of the Bianchi identities are now their maximally symmetric two-row 
projected 7-traces. Starting from 

[Tnn ■ ■ ■ Ti^j. > ^' 1 = - E ^Hn ^jr.]' fl Ti^jr , (5.19) 

n = 1 rj^n 

[lki...kg, 9 \ = -2 5(fc^7fc2...fc,), (5.20) 

[7fei...fe, , = ^7(fei...fe,_i'^fe,)' - 5(ifci7fc2...fc«-i'^fe,)'> (5-21) 
and considering the composition rules for the 'yki...kq operators, 

lkl...kqll = lkl...kql + 7{kl...kq-lTkg)l , (5.22) 

lk-i...kqllm = lki...kqlm + ( 7 ( fei... fc,_i | / ^| feg ) m + 1 {ki...kq-i\mT\kq)l) 

- 7(fcl...fe,_2^fcg-l|«^|feg)m' (5-23) 

one can then compute the {p + g + l,^} projection of the generic Ti^j^ . . . Ti^jp 7fci... kq 7-trace 
of the Bianchi identities (5.14): 

(p + g + 2 ) 5; ( 7 '''^ 5 ) fc^;,,,,; ... ; 

1 ^ 

_|_ 3 -^{P+g+liP} E ^[in\i"f^'^~^ '5'^ ^) \ jn]kl...kql■,...■,^r^„jr^n^,■■■ 
''=^ (5.24) 
— ^(7!^+ <S^^^) ki...kql;iiji;...;ipjp ~ 9 (^^^'^'^ S^^^ ^ ) ki . . . kq; hji; . . . ; ipjp ; Im 

~ ^ _|_ 2 ^ (7'^"*" ^ ^^^^ ) ki...kqlm;iiji; ...■,ipjp = 0. 

As was the case for the Bianchi identities (5.14), these results maintain the same form as their 
analogues presented in eq. (3.26) , barring some sign differences and the replacement of symmetric 
sets of family indices with antisymmetric ones and vice versa. 

In a similar fashion, the counterpart of the Ansatz (3.7) is 

1 ^ ^ 

>C= 2 (V^' E ^P,.^^^''^---^*^''^7'^---'n7^^^5[^']),,..,,;,,,,;...;,,,J + h.c.^ (5.25) 

p,q = 

where we would like to stress again that only two-row projected quantities appear here, to be 
contrasted with the two-column projected ones entering eq. (3.7). Finally, using 

1 p p 
[di , ri''^' . . . ri''^^^ ] = - ^ 5, Yl ' (5-26) 

n = 1 r^n 

[3;, 7^i-^«] = 5/('=i7'=2-'=^) ^ - 5;(fci7'=2-fc.-i9fe.)^ (5.27) 

and the relation 

Y{2P+-^,ii-i}Ti^ji---Tipjpei^ki...kq = -^^-^Y{2P+'^,i<!-'^}Tiiji . . .TipjpTi^ki^k2lk3...kq) , (5.28) 

that holds in the constrained theory, one can recognize that, up to the convenient choice of an 
overall normalization A;o,o = 1) the constrained Lagrangians (5.25) are gauge invariant only if 

(-l)P + <i 

kp „ = , ,\ ^ — - . (5.29) 

p!g! p + g+1)! ^ ' 
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Aside from a slight difference in the oscillating signs, that are simpler for multi-forms, the 
coefficients are thus the same as in eq. (3.28). 

It should be clear that, in this presentation of the formalism, the need for constraints is 
determined solely by the number of columns of the Young tableaux associated to generic repre- 
sentations of the Poincare group. In fact, the antisymmetry in the family indices of eqs. (5.9) and 
(5.16) shows that all single-column fields, like the gravitino, are not subject to any constraints, 
while two-column fields are only subject to constraints on the gauge parameters. This is the 
case, for instance, for a spin 5/2 field. Furthermore, in this setting the Fang-Pronsdal-Labastida 
operator (5.8) can be recast in the form 

S = ijkd''i^, (5.30) 

and for one-family spinorial forms it is manifestly related to the corresponding curvature via a 
single 7-trace. 



6 Elimination of higher derivatives 

Different types of Lagrangian descriptions for unconstrained irreducible higher-spin fields were 
explored in the last years. Still, until recently, they all displayed some unusual features with 
respect to their lower-spin counterparts: as recalled in the Introduction, they typically involve 
many auxiliary fields, in numbers that increase linearly with the spin [14], or alternatively they 
contain non-local terms [15, 18, 19, 21], or finally local descriptions with minimal (and fixed) 
sets of auxiliary fields contain some higher-derivative terms. This is certainly the case for the 
constructions of [17, 19, 2], but it is equally true for the unconstrained formulations proposed 
in the previous sections for mixed-symmetry fermions, as can be seen for instance in eqs. (2.13) 
and (3.42). 

A more conventional solution to the same problem was first obtained in [20] for symmetric 
bosons and fermions. There it was shown how to complement with suitable constraints the 
Lagrangians given in [16] for the "triplets"' of String Field Theory [7], so as to avoid the prop- 
agation of the lower spin components contained in the symmetric gauge potentials. The end 
result of this analysis is an elegant off-shell extension of the constraint relating triplets and com- 
pensators equations that was first discussed in [16]. A detailed analysis of the triplet systems in 
the "frame-like" formalism of [23] was also recently presented in [29] . 

An alternative construction, that is more in the spirit of the minimal Lagrangians of [17, 19], 
was proposed in [21] for symmetric Bose fields, and was then extended to mixed-symmetry Bose 
fields in [2] . In this section we would like to further extend those results to Fermi fields of mixed 
symmetry. The logic behind the construction will mirror the procedure that we followed to 
build the minimal local Lagrangians: as a first step, we shall identify a candidate kinetic tensor 
that is gauge invariant under unconstrained gauge transformations, but is now devoid of higher 
derivatives. Several choices are indeed possible, and for each of them the second step will be 
determined by the corresponding form of the Bianchi identities, and will be aimed at building 
the gauge invariant completion of a trial action suggested by the analogy with the constrained 
case. One is then to make sure that the resulting equations of motion propagate only the desired 
degrees of freedom, taking a closer look at the candidate kinetic tensors, in particular in relation 
with the structure of their Bianchi identities, in order to identify the proper choices. While the 
result of [21, 2] was more involved than its minimal counterparts involving higher derivatives. 
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the clearcut logic behind the construction makes it possible to extend the program to Fermi 
fields in a systematic way. 

We shall describe the procedure and the results in the next two sections. First, in Section 6.1 
we discuss in some detail the case of symmetric Fermi fields, for which the general construction is 
presented here for the first time. Having introduced all basic ideas and problems in a relatively 
simple setting, in Section 6.2 we then turn to the general solution for Fermi fields of mixed 
symmetry. 



6.1 Symmetric fermions 

Let us begin by analyzing the behavior of the Fang-Pronsdal theory when the constraints are not 
enforced, with the aim of building eventually gauge invariant kinetic tensors that are free from 
higher derivatives. Indeed, in order to compensate the variation of the Fang-Fronsdal tensor 

SS = -idd i (6.1) 

without introducing higher derivatives, the simplest options would be provided by the following 
alternative definitions for the compensator fields: 

(7(1): (5cr(i)=5/ >Vo-(i) = 5 + iao-(i) , 

o"(2) : (^o-(2) = dd i >Vo-(2) = 5 + ^a(2). (6.2) 

Actually, in contrast with the choice made in [16, 17, 19], corresponding to the one-family case 
of eq. (2.10), the fields in (6.2) are not pure gauge contributions. On the other hand, this 
observation does not represent a true obstruction, since in principle one could add a Lagrange 
multiplier term relating these fields to gradients of the usual compensators in order to reduce 
them to the status of "effective" Stueckelberg-like fields. A closer look at the corresponding 
Bianchi identities 

^(2) : d-W,^,^-\dW',^^^ - \ = \ {ddi' + 2d -a ^2)- ^#(2) - da[,^), (6.3) 

can clearly exhibit the difficulties potentially entailed by these simple choices. Indeed, if one 
were to pursue one of the two options in (6.2), starting from trial Lagrangians built from either 
Wct(i) or Wct(2) the gauge variations would give rise to the remainders in eq. (6.3). In order 
to compensate them, proceeding along the lines that led to (3.42), one would be tempted to 
introduce Lagrange multipliers A (1) and A (2) , but here they would transform proportionally to the 
bare gauge parameter e, since the double gradient acting on i^' in these cases cannot be factored 
out of the other terms. A different manifestation of these difficulties is that, in contrast with 
what happened in the minimal theory of [17, 19], the multipliers would appear in the equations of 
motion for tp only via their double divergence, so that they would not be expressible algebraically, 



^^Consistently with the choice made in [2], here we largely abide to the conventions followed in the rest of 
the present paper, even though for one-family fields the notation of [15, 16, 17, 19, 21] would allow further 
simplifications, in particular for what concerns products of mutually counnuting tensors, obtained at the minor 
price of defining some new operators like the double gradient in (6.1). For the sake of brevity, however, we use 
"primes" to denote traces and we still resort to that notation in eq. (6.6). 
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on shell, in terms of the gauge potential itself, which would have guaranteed against the danger 
that they carry additional degrees of freedom. 

This approach works nicely for symmetric bosons, since in that case one of the multipliers 
transforms proportionally to the divergence of the gauge parameter. This makes it possible 
to replace it with a combination of the gauge potential and the ordinary compensator that 
possesses the same kind of gauge transformation, as shown in [21]. On the other hand, this 
alternative is clearly not viable in the present case, since no single combination of the fields ijj 
and a"(j) can be defined that transforms like the bare gauge parameter e. In the same spirit of 
the solution that we gave in [2] for mixed-symmetry bosons, we are thus led to look for more 
general definitions for the gauge invariant kinetic tensors, where a certain amount of additional 
technical complications can still be acceptable provided the corresponding Bianchi identities are 
devoid of the previous difficulties. To this end, mimicking what we did in [2] for bosons, let us 
reconsider the gauge transformation of tp, separating in the gauge parameter e its 7-traceless 
part e^*-* from the rest, letting 

dip = de, 



so that 

The solution for e is then 

:i9) = 



e ' 



(6.4) 

^=7.(76(3)). (6.5) 

[-] 

^ Pn{D, s)r?"-i I^I'^-il + ^7eN| , (6.6) 

n=l ^ 



with 



n 



.4A.) = (-i)"«nFT2(7^*^' f^-^' 

fe=l ^ ^ 

Here s is the tensorial rank of tp and et"! denotes the n-th trace of e, while 77" denotes a 
combination of products of n Minkowski metric tensors defined with unit overall normalization 
and with the minimal number of terms needed in order to obtain a totally symmetric expression. 
The corresponding decomposition of the unconstrained variation of ip, 

Si/; = 5e(*) + -fde^3\ (6.8) 
allows one to express the gauge variation of S in terms of e alone, 

5S = -i{D + 2s - 4)dd€^<^^ + ijdd^^^K (6.9) 
Introducing a compensator a such that 

6a^g) = de^s\ (6.10) 
one can now define a new unconstrained tensor, VVo-(^), as 

Wat,) = S + i{D + 2s - 4)aa(g) + 75((7), (6.11) 
where S (a) is the Fang-Pronsdal tensor for a (g) , 

S{a) = - dfif^g)). (6.12) 
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Once more, the somewhat involved structure of VV(T(g) can weh be justified if it avoids the 
comphcations that emerged for the simpler choices of eq. (6.2). In fact, in particular thanks 
to the presence of the tensor S (a) in VVo-j^), the Bianchi identity satisfied by the latter tensor 
reduces to 

^•>V.(,) - \ dW'^^^^ - \ m.,^, = \dd + 7#(,)' -{D + 2s- 4)a'(^) } , (6.13) 

so that its structure makes it manifest that the Lagrange multiplier to be introduced does not 
carry any additional degrees of freedom. 

For this reason, one can now consider the variation of a new trial Lagrangian built out of 
y^a(g) and eventually one can complete the construction in the usual way. However, in order to 
better understand the rationale behind the kinetic tensor (6.11), it is useful to trace its origin 
to the substitution 

^ V - icr^g) , (6.14) 

to be performed in the Fang-Pronsdal tensor S. 

Eq. (6.14) should be compared to the Stueckelberg shift (2.14), that in the symmetric case 
would simply read 

iP ^ - 5*, (6.15) 

and would give rise to the higher-derivative tensor (2.13). In this case, one defines an identically 
gauge invariant combination of fields that, as such, would make any tensor built out of it gauge 
invariant as well. The price to pay, however, is to introduce a compensator field whose dimen- 
sion is different from that of tp. This choice is then ultimately responsible for the appearance 
of higher derivatives after the substitution (6.15) is performed in a Lagrangian that initially 
involved only ^ and one-derivative terms. On the other hand, eq. (6.14) defines a combination 
of fields displaying the same gauge transformation as the Fang-Fronsdal field. As a result, that 
substitution would guarantee the unconstrained gauge invariance of any expression that is gauge 
invariant, to begin with, under constrained gauge transformations. This property is all one really 
needs. Moreover, it is manifest from (6.14) that the compensator (T(g) has the same dimension 
as ip, so that all kinetic operators in the Fang-Fronsdal Lagrangian maintain by construction 
the same number of derivatives even after the substitution (6.14) is implemented. 

Thus, enforcing eq. (6.14) in the constrained Lagrangian and adding a Lagrange multiplier 
for the triple 7-trace of the field results in a new Lagrangian with only one-derivative terms 
that is invariant under unconstrained gauge transformations. Adding to it a further constraint 
to guarantee the equivalence between cr(p) and a suitable linear combination of 7-traces of the 
"old" compensator ^ finally leads to 

+ (A, 7- (V - 7^(9))') + ix, <^ - dU^) + h.c, 

that docs not contain any higher-derivative contributions. The projector 11 entering this expres- 
sion, whose explicit form can be obtained from eq. (6.6), is such that 115^ = e^^\ while the full 
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(6.16) 



set of gauge transformations is 



6,/; = 9eW + 75e(»), 

5^ ^.(^e(9)), (6.17) 

Sx = 0. 

The consistency of the system can be easily verified considering the equations of motion obtained 
after removing ^ by a partial gauge fixing. In this case the equation for 'ip reduces to 

E^: S -^^^ - ^VS' - \vi (a - \d-^'^ = 0, (6.18) 

that can be shown to imply A = ^5 • ■0' and <S = 0, as usual, while the equations for the 
multipliers x and A, in their turn, set to zero o"(-^) and j^' . Finally, the equation for cT(g) 
determines the multiplier x as a function of 5, and also guarantees, together with the equation 
for ^, the consistency conditions on the divergence oi E^, which is to vanish as a consequence 
of the unconstrained gauge invariance of (6.16). 



6.2 Mixed- SYMMETRY fermions 

The extension of these results to mixed-symmetry fermions proceeds along the same lines, and 
we can therefore confine ourselves to illustrating the main steps that lead to the final result. To 
begin with, in the gauge variation (2.6) of the field ijj, 

dip = d'ei, (6.19) 

one should isolate the contribution to the gauge parameters which is to vanish in the constrained 
theory. To this end, let us consider the decomposition 

- At) . I ^kAg) . 



e,; = e 



+ re(>^>i;k, (6.20) 



where 

7(ieW = 0, 

. ,) (6-21) 

In this fashion, the parameters e '-^^ j ■ ^ embody precisely the gauge freedom that is absent in 
the Labastida formulation, and that we would like to allow here without introducing new fields 
whose dimensions differ from that of ip. In particular, the variation of the Labastida tensor (2.5) 
under the decomposition (6.20) reads 

SS = -'-d^d^ {d6\,\ + 2S\,\) e(^)|,);, + 7'5^a^-7(^e^^^);fc- (6-22) 

Guided by the solution of the problem for symmetric fermions presented in the previous section 
and from the general solution proposed for bosons in [2], we are thus led to introduce new 
compensator fields such that 

5ak = d'e^^h-k. (6.23) 
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This makes it possible to define the fully gauge invariant kinetic tensor 



= S + i [{D - 2)d^ + 2d'SU] Gj + j'^Skia), (6.24) 

where 

Sk{o-) = i{^crk - -ijGk) (6.25) 

is the Labastida tensor for Ufe, and where, let us reiterate, no higher derivatives appear, precisely 
because the compensators have the same physical dimensions as V'- 

The Bianchi identity for Wo-, 

diW,-^ ^jiWa - \ d^Ti.W, - ^ d^jijWa = d^d''T^i^-ik){^ -I'cTi), (6.26) 

takes a particularly nice form, so that the introduction of Lagrange multipliers is not expected to 
be problematic, and actually provides a clue to a more complete understanding of the structure 
of Wa- Indeed, the compensators allow the redefinition 

^^^--f'^ak (6.27) 

of the field that has the virtue of identifying a combination of fields possessing the same gauge 
transformation as the constrained Labastida field under variations involving unconstrained gauge 
parameters. As we already observed, this is to be contrasted with the Stucckelberg shift (2.14). 
It is then possible to verify that, after the substitution (6.27), the Labastida tensor (2.5) takes 
the form of eq. (6.24). 

One can thus follow a relatively straightforward route to a Lagrangian based on the tensor 
(6.24), starting from the Lagrangian defined by eq. (3.44), that we display again here for the 
sake of clarity, 

1 - ^ • - 

'C=2(V^' E kp,gr,Pji{j^i^S^P'i)) + ^{Xijk,T^ijlk)'^)+i^-C., (6.28) 

p,q = 

with 

^"'^ - p\q\{p + q+l)\ ' (^-2^) 

where the constraints on the symmetrized triple 7-trace of are enforced by Lagrange multipli- 
ers. Since (6.28) is gauge invariant under constrained gauge transformations, by construction it 
will become gauge invariant under unconstrained ones if one performs everywhere the substitu- 
tion (6.27), that leads to 



p,q = (6.30) 



+ Y^i^ijk, T^ijlk) (V' - 7' 0-0) + h.c. . 

Finally, in order to guarantee that the new compensators fJ^ be effectively pure gauge, eq. (6.30) 
should be supplemented with further constraints, meant to enforce a linear relation between the 
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(Tfe and the compensators ^ij defined in (2.11), so that the complete Lagrangian takes the 
form 

1 ^ 

p,q = (6.31) 

+ {>^ijk, T(^ijlk) i'tp - 1^ <^l)) + {Xk, CTk - d''U'^ klUj) + h.c. , 
where li^^ kl is ttie projector allowing to express the solution of eq. (6.20) as 

e^'\;l = n'^kniiej), (6.32) 
and where, summarizing, the transformations leaving eq. (6.31) invariant are 

^^ij = 7(iej) , 
Sxk = 0, 

with SXijj^ given in (3.41) after replacing e with e^*). Our derivation of the Lagrangian (6.31) 
makes it also manifest that the equations of motion reduce generically to 5 = 0, since the fields 
fjfc and (^ij can be gauged away simultaneously, while the Lagrange multipliers A ^fc and Xk can 
be expressed in terms of the physical field ip by the equations for ip and fx^, respectively. 

We would like to conclude this section with some general comments on the unconstrained 
Lagrangians without higher-derivative terms that we proposed here and in [21, 2]. Since the 
compensators (7^ (as well as their bosonic counterparts 6ij of [21, 2]) add exactly the amount 
of gauge freedom that was frozen in the Fronsdal-Labastida formulation, we believe that the 
field content of these Lagrangians is the minimal possible one, if one requires that the theory be 
unconstrained and contain no higher-derivative operators. In addition, in the symmetric case 
there is still a one-to-one correspondence between the field contents of bosonic and fermionic 
theories, as was the case for the minimal Lagrangians with higher derivatives. Strictly speaking, 
this correspondence is not maintained with mixed symmetry, simply because some of the aux- 
iliary fields bear different numbers of family indices, but this construction of single derivative 
Lagrangians for Fermi fields mirrors nonetheless the corresponding one for Bose fields of [2], 
which could prove useful when dealing with higher-spin supermultiplcts. On the other hand, 
as for the bosonic fields discussed in [2], the gauge transformations for the compensators 
are typically rather involved, and we do not know them in closed form in general, beyond the 
symmetric case that was described in the previous section. This is clearly a disadvantage with 
respect to the minimal theory with higher derivatives, that in this sense appears technically 
simpler, not only in view of its reduced field content. Finally, we would like to stress again that, 
although they are somewhat unusual, higher derivatives accompany in our minimal Lagrangians 
fields that can be gauged away algebraically. In this sense, consistently with all the tests that 
one can perform at the present time [19], they are not expected to represent a real source of 
difficulties, even in future generalizations of our setting to the non-linear level. 



82 



7 Conclusions 

In this paper we have constructed Lagrangian theories for free mixed-symmetry gauge fermions 
in a Minkowski background. These types of fields are inevitable in all dimensions D > 5, and 
indeed higher-spin fields of mixed symmetry are key ingredients of all massive string spectra. 
Whereas their dynamics is still poorly understood, it is difficult to escape the feeling that these 
excitations, together with their bosonic counterparts, should be held ultimately responsible for 
many of the most spectacular properties of String Theory. And, in a wider sense, that a closer 
look at their dynamics has a real potential to shed some light on the very meaning of String 
Theory and on its possible generalizations. 

We based our construction on the important results obtained by Labastida in [30] (see also 
[9, 36, 37, 18, 24, 38, 39] for other relevant works on mixed-symmetry fields), where he did not 
arrive at a Lagrangian formulation, but identified nonetheless the constraints on gauge fields 
and gauge parameters that let the field equations propagate the correct degrees of freedom, 
as we show in Section 3.4.1. Since our main interest lies in unconstrained formulations, our 
basic kinetic spinor-tensors are gauge invariant completions of (2.5), that was introduced by 
Labastida in [30]. In their simplest form, they are obtained introducing compensator fields ^ij 
that transform proportionally to the constraints (2.9), but in analogy with the bosonic case of 
[2] the very fact that the constraints are not independent forces one to relate the ^ij to more 
fundamental objects, here denoted by as in (2.11). We could thus generalize the basic 
dynamical setting of Labastida, defined by eqs. (2.5), (2.6) and (2.9), 

s = i{^^p - aVO =0, 

5i^ = d'ei, (7.1) 

7{tej) = 0, 

to its unconstrained counterpart, summarized by eqs. (2.13), (2.6), (2.11) and (2.12), 

yV = S + id'd^Uj = 0, 

that describes the same physical polarizations. 

As in the bosonic construction of [2], our method to build the Lagrangians was largely driven 
by the Bianchi identities, but for Fermi fields we had to face a number of novel complications. 
These can be traced, one way or another, to the fact that fermionic constraints and compensator 
terms are not well distinct a priori, so that disentangling the truly independent contributions 
to the Lagrangians is not straightforward. This led, for two-family fields, to the one-param,eter 
family of Lagrangians (2.57), equivalent to one another up to redefinitions of the Lagrange 
multipliers and whose derivation is spelled out in detail in Section 2.1. The general A?^-family 
Lagrangians illustrated in Sections 3.1 and 3.2 were also constructed exploiting the Bianchi 
identities (3.1), or their unconstrained counterparts (3.32). However, in this case we refrained 
from displaying the full one-parameter family, and confined our attention to a specific form 
of the Lagrangians that has the virtue of relative simplicity. Moreover, we also presented a 
derivation that stresses the self-adjoint nature of the resulting Rarita-Schwinger-like tensors. 
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(7.2) 



Eqs. (3.7) and (3.28) are the complete Lagrangians in the constrained setting, and together with 
eq. (3.42), that provides the corresponding unconstrained extension, represent the main results 
of the present work. 

We also discussed the reduction of the field equations to the Labastida form S = 0, with 
particular attention to the sporadic low-dimensional cases where the naive procedure encounters 
some problems and, at the same time, new Weyl-like symmetries emerge. Just as we did for 
bosons in [2], for two-family Fermi fields we thus arrived at a classification of these special cases, 
while for general A''-family fields we contented ourselves with a discussion of the general setup, 
together with the explicit analysis of some classes of examples. 

We have analyzed the properties of spinor-tensors of mixed symmetry mostly with reference 
to a specific type of redundant presentation, via multi- symmetric reducible fields of the type 
V'/ii-.-Msii'^i - '^sa ' capable of encompassing all possibilities. However, for the sake 

of completeness we have also described how the theory adapts itself to the case of irreducible 
spinor-tensors. In addition, in order to allow a better comparison with String Theory, we have 
explained how the formalism can be modified in order to deal with multi- antisymmetric reducible 
spinor-tensors. 

While the presence of higher-derivative terms related to the compensators in the uncon- 
strained theory is somehow the price to pay for the simplest possible setting, we also showed 
in Section 6 how to properly modify the form of W so as to recover a formulation that is a 
bit more complicated but has the virtue of involving only one-derivative terms. This can be 
attained with additional auxiliary fields, whose numbers depend only on the number of index 
families carried by the original gauge fields but not on their ranks, following [21, 2], albeit with 
some technical complications that emerge when one tries to define explicitly the corresponding 
gauge parameters. 

The present work substantially completes the construction of "minimal" Lagrangian theories 
for massless, unconstrained higher-spin fields in a flat background. This program was developed 
in a series of previous papers exploiting the "metric-like" formalism, in an attempt to keep as 
close as possible to the conventional presentation for lower-spin theories, while also exhibiting 
the geometrical interpretation of the free dynamics, that is foreign to the original, constrained 
formulation of (Fang-)Fronsdal and Labastida. In particular, the works [15, 19, 21] were devoted 
to characterizing the role played by linearized higher-spin curvatures in the dynamics of free 
massless or massive higher-spin fields. On the other hand, in [17, 19, 21, 2], and finally in 
the present paper, we have presented a complete local Lagrangian description for symmetric 
higher-spin fields in flat and (A)dS backgrounds, and for fields of any symmetry type in fiat 
backgrounds, making use of a minimal amount of additional auxiliary fields that make up for 
the direct use of higher-spin curvatures. This avoids all non-localities, but also bypasses, at the 
same time, the need for algebraic constraints of any sort on gauge fields and gauge parameters. 
In this local setting we mostly focused our attention on massless fields, but in a flat space time 
the treatment can be directly extended to the massive case, for instance via the harmonics of a 
Kaluza-Klein circle reduction. The description of (partially) massive higher-spin fields [41] on 
(A)dS backgrounds is less straightforward. It was discussed, in particular, in the second of [19] 
for symmetric tensors, while a number of features of the mixed-symmetry case were recently 
discussed in [39], extending the unfolded equations in Minkowski space time presented in [38]. 
These papers also shed more light on the flat limit of the (A)dS description, supporting the 
BMV conjecture of [37]. 

Other interesting aspects of the free theory can still benefit from further analysis. These 
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include the quantization of the Lagrangians we are proposing, the construction of supersym- 
metric higher-spin Lagrangians, possibly even resting on higher-spin analogues of the ordinary 
superalgebras, the analysis of (partially) massive, mixed symmetry representations on (A)dS 
backgrounds, and a closer look at the higher-spin geometry for the mixed symmetry, fermionic 
case. It is clear, however, that the real issue is now to try and reach a comparable understand- 
ing of the interactions, although progress in this respect is expected to be far more difficult and 
slower. Indeed, the radical difficulties that are met in any naive attempts to go beyond the 
linear regime for higher-spin fields stimulated along the years a number of different approaches 
to the problem (see [42, 43] for an inevitably incomplete list, including however some recent 
contributions). The approach initially proposed by Pradkin and Vasiliev and then extensively 
pursued by Vasiliev himself and by his collaborators [25, 26] (see also [44] for relevant contribu- 
tions along the same lines) has proved, unquestionably, to be most successful to date, since it has 
led to non-linear equations for systems of infinitely many massless fully symmetric higher-spin 
fields. Still, a better understanding along these more conventional lines can definitely spur a 
better grasp of the systematics of these constructions. All this, in one way or another, supports 
the definite hope that the "metric form" of the theory of free higher-spin fields attained by now 
can provide some useful insights both into the nature of higher-spin interactions and, in a wider 
sense perhaps, into the very nature of String Theory. 
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A Notation and conventions 



In this paper we use the "mostly plus" convention for the space-time signature and resort to a 
compact notation, eliminating all space-time indices from tensor relations. The fields of interest 
are here multi-symmetric spinor-tensors V'/ii.../isi,i^i...i^s2 ' ^^^^^ symmetric indices are 

referred to as "families". In Section 5 we also describe how to adapt our results to the case 
of multi-form spinor-tensors, where the indices belonging to a given set are antisymmetrized, 
but in all the appendices, for definiteness, we refer explicitly to the case of multi-symmetric 
spinor-tensors, as in most of the present paper. 

The fields ip ^i... fi^_^^ui...us2 i ^^"3 following simply denoted by ^, are thus fully symmet- 
ric under interchanges of pairs of indices belonging to the same set, but have no prescribed 
symmetry relating different sets, and are thus reducible gl{D) spinor-tensors. As a result, they 
are perhaps less familiar than Young projected spinor-tensors, but are most convenient for the 
present discussion and play a natural role in String Theory. For instance, in the five super- 
string models these reducible spinor-tensors accompany products of bosonic oscillators of the 
type a'^^ ... ■ ■ ■ a'j'l • • • ' ^^^^ only symmetric under interchanges of pairs of iden- 

tical oscillators, while the reducible multi-forms described in Section 5 accompany products of 
fermionic oscillators. In general, the massive superstring spectra contain spinor-tensors with 
some symmetric and some antisymmetric index sets, whose theory can be deduced from the re- 
sults of this paper. Recovering conventional field theories from the present formulation requires 
suitable projections, and this procedure is discussed in Section 4. 

Aside from these basic fields, Lagrangians and field equations involve 7-traces, traces, gra- 
dients and divergences of -05 as well as Minkowski metric tensors related to one (or two) of the 
previous index sets and 7-matrices. As a result, "family indices" are often needed in order to 
specify the sets to which some tensor indices belong. As in [2], these family indices are here 
denoted by small-case Latin letters, and the Einstein convention for summing over pairs of them 
is used throughout. It actually proves helpful to be slightly more precise: upper family indices 
are thus reserved for operators, like a gradient, which add space-time indices, while lower family 
indices are used for operators, like a divergence, which remove them. For instance gradients, 
divergences and traces of a field are denoted concisely hj ijj, diijj and Tjj ijj. This shorthand 
notation suffices to identify the detailed meaning of these symbols, so that 

5V = ' 



* J 

where, as in [15, 16, 17, 19, 21, 2], we work with symmetrizations that are not of unit strength, 
but involve nonetheless the minimum possible number of terms, and we use round brackets to 
denote them. Thus, for instance, the product T( Tj.q here stands for Tij T^i + Tj^ Tji + Tu Tjk- 
Moreover, we use square brackets to denote antisymmetrizations. 

In the mixed-symmetry case, one must also introduce mixed metric tensors 

n = l 

Notice that the 77'^ are rescaled for i ^ j,m order that the diagonal terms retain the conventional 
normalization. Aside from these basic operations, that were already introduced in [2], for the 
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Fermi fields treated in this paper one must also define some additional operations involving 
7-traces, 

= ixd'^i^^l,.,^.^,,,.. (A.3) 
The space-time 7-matrices introduced here satisfy the usual Clifford algebra 

{7^7'^} = 2^7''^ (A.4) 

and moreover 

(70)'^ = -70, ili^^o)^ = Ifi^o- (A.5) 
In the present paper we also use the antisymmetric basis for "family" 7-matrices, introducing 

7n...i„ = ;^7[n7i2 ■■■ 7i„] , (A.6) 

and corresponding objects with raised indices. Furthermore, different groups of symmetrized 
indices borne by a given quantity are separated by colons, while a semicolon signals the beginning 
of a group of antisymmetrized indices. 

In order to further simplify the combinatorics, as in [2] it proves convenient to introduce the 
scalar product 

Inside the brackets it is then possible to integrate by parts and to turn J7's into traces without 
introducing any Sj-dependent combinatoric factors, since 

{^P,d'x) = -r^ li^d'x = - , idi^P)x = -{di^,x), (A.8) 

Si!...S„! Sil...Sn'- 

and, for instance, if i 7^ j, 

{i;,r,'^x) ^ -j\-^^v''x=l-^^{T,j^l;)x^l{Tij^,x), (A.9) 

where the reader should notice the somewhat unusual factor |, originating from our choice of 
normalization in eq. (A. 2). In a similar fashion, for 7-matrices 

- ■ 1 _ . s- - 

(V-, 7'x) = —. i^l'x= —r^ -. {'4^1i)x= (V'7i, X)- (A.IO) 

si!...s„! 

However, in the main body of this paper we are ignoring, for simplicity, the overall factors 
ni^i^i'j that should accompany the Lagrangians of multi-symmetric spinor-tensors to grant 
them the conventional normalization. 

The scalar products prove quite convenient to derive Lagrangians and field equations for 
mixed-symmetry fields, but they would be as convenient for symmetric tensors. In this notation 
the Lagrangian for symmetric, or one-family, spinor-tensors, would simply read 

C = W-^7l^-^^W) + ^(C,9-T^)-^(|,5-W') + ^(A,Z)+h.c., (A.11) 
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to be compared with the corresponding expression of [19], 



+ 



..i(w--,W-^r,W'y-Qs9.W' ^^^^^ 



that contains exphcit combinatoric factors. 

In order to take proper advantage of this compact notation, it is convenient to collect a 
number of identities that are used recurrently in this type of analysis. As was already pointed 
out in [2], these have a more complicated structure than their symmetric counterparts of [19], 
since they involve a genuinely new type of operation. This turns a tensor with Sj indices in the 
i-th. group into others with Si + 1 indices in the i-th. group and sj — 1 indices in the j-th group, 
according to 

The new rules that are needed follow from the algebra of the various operators, and can be 

also derived from a realization in terms of bosonic oscillators, along the lines of bosonic String 
Field Theory and of [11, 12, 30]. The subalgebra that does not contain the operators built using 
7-matrices reads 





= a6i\ 




(A.14) 








(A.15) 




= \ 5k^'d'\ 




(A.16) 




- — 5 j O 

— 2 




(A.17) 




= 




(A.18) 


Tij , S'^i] 






(A.19) 


S'j,d''] 


= d'5j^, 




(A.20) 


dk , S^j ] 


= Sk'dj, 




(A.21) 


^ j , ^ I 


] = Sj'^S'i - 5i 


ink 
I ^ j ■ 


(A.22) 



Notice that the commutators of the S^j operators, the key novelty of the mixed-symmetry case, 
build the gl{N) Lie algebra if N index families are present. 

The usual anti-commutation rules (A. 4) of the Clifford algebra induce the following relations 
for the 7's carrying family indices, 

= 2Tij, (A.23) 
{Y,7'}=W', (A.24) 

where the additional factor in the second of these relations originates from our choice of normal- 
ization for r]^^ in eq. (A. 2). The reader should notice that the structure of the Clifford algebra 
is only apparently transferred to the 7's with family indices, that are actually more complicated 
because the off-diagonal Tij and rj^^ do not vanish in general. The difference is already manifest 
in the anticommutator 

{ji,j^} = DSi^ + 2SU, (A.25) 
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that also contains the 5*^ operators. The other relevant basic (anti)commutation relations arc 



I H 7 J 




(A.26) 


Id- 'Y-'l 




fA 271 




1 1 ■ i,\ 

= ^5^(^7'^ 


(A.28) 




= 7(^'5i)^ 


(A.29) 




] = 


(A.30) 






(A.31) 




= 2di, 


(A.32) 




= 2d\ 


(A.33) 



and the previous relations give rise to the basic rules collected in Appendix B. 

Finally, in this paper we make extensive use of a number of standard tools related to the 
symmetric group. These include, in particular, the Young projectors F, that are used repeatedly 
to separate irreducible components in family-index space. In the text the various components 
are often specified by ordered lists of the lengths of the rows for the associated diagrams, so 
that, for instance, the {3, 2} component corresponds to 



(A.34) 

In general the Young projectors Y can be built combining the contributions of different Young 
tableaux, that can be identified associating integer labels to the tensor indices to be projected 
and allowing within the given graph all their arrangements such that these integers grow from 
left to right and from top to bottom. In some cases, however, this simple procedure can fail to 
produce an orthogonal decomposition, which can still be attained by a further Graham-Schmidt 
orthogonalization. This difficulty is not present if, for any pair of tableaux, there is at least a 
couple of indices belonging to a row of the first that lie in the same column of the second, and 
vice versa. Let us stress that this problem is never to be faced in our constructions, as a result 
of the particular symmetry properties of our basic objects. Outside Section 5, in this paper we 
adopt the conventions of [2], and Young tableaux are then defined in the symmetric basis, so 
that the projector corresponding to a tableau containing n boxes takes the form 

Yr = ^ SA, (A.35) 
n ! 

where S and A are the corresponding products of "row symmetrizers" and "column antisym- 
metrizers" . On the other hand, in Section 5 it is more convenient to work in the antisymmetric 
basis, where the roles of S and A arc interchanged. Moreover, A(r) is the dimension of the 
associated representation of the symmetric group, that can be computed, for instance, counting 
the standard ways of filling the boxes of the corresponding diagram with the numbers 1, 2, . . . , n 
in increasing order from left to right and from top to bottom. We often denote the ratio that 
appears in eq. (A.35) as 

^ = ^. (A.36) 

n! n(r) 

where /i(r) is the "hook length" of the corresponding tableau. Similar techniques are used 
extensively in Section 4 to identify irreducible gl{D) and Lorentz tensors. 
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The hook length h also enters the formulae for the dimensions of gl{D) and o{D) (spinorial) 
representations, that might prove useful to the reader. Thus, the number of components of an 
irreducible gl{D) spinor-tensor with vector indices that are {si, . . . , sjv} projected is 

2[t1 JL (D + Si-i)\ 
dim^^o) [{si, sn}\ = -7- 11 ' ^ ^^^^ 

i = i ^ '' 

while for the corresponding o{D) spinor-tensor this number is 

2[f] 1^ (D + Si-N-i)l -/t , s s 

dim5[{gi,...,^jv}] = n (D-2i)\ n {D + s, + s,-z-j + l), (A.38) 

i = l ^ '' 3=1+1 

to be compared with the number of components for the o{D) tensor with the same Young 
projection in its vector indices: 

dimT [{.!,...,. at}] = ^ n + .^^-1)' Y{{D + s, + s^-i-j). (A.39) 

1 = 1 ^ j = i 

These last relations also appear in [12], but for a typo in the last products of eqs. (A.38) and 
(A.39). 

We refrain from adding further details, since these and other related standard facts are 
discussed extensively in the literature, and in particular in [33]. 



B Useful identities for fermions 

Using repeatedly the (anti) commutation rules of Appendix A yields the useful identities 

[ di , r/'i^i . . . rf^^^ ] = 2 5^ n ^'^^'^ ^ ' (^-1) 

n= 1 r^n 
n=l r^n 

that were already presented in [2] , and in a similar fashion 

[^^^ ^fcl...fc,] = 5^[fcl^fc2...fc,] ^ + 5jfclQfc2^fc3...fe<,]^ (B.3) 

[lk,...k,,d'] = {-ly^^ ^i[k,...k,.,5k,]' + l[k,...k,.,dk,_Jk,]\ (B.4) 
[lki...k^ , ^ ] (-1)9+1 = 2 j[ki...kg-i dkg] , (B.5) 

7 '=1-^'^ ](_!),+! = 2 al*:!^*:^-'^.], (B.6) 

where the symbols [ , ] q+i can denote both commutators and anticommutators, depending 
on the sign of (—1)^+^. They are widely used in Section 2 and in Section 3 in the construction 
of the unconstrained Lagrangians. For the reduction of the equation of motion to the Labastida 
form it is instead convenient to introduce the new operators 

^kl...kq^ ^ ^kl...kq^^ _ ry[kl-kq-l gkq] ^ ^ ^-QJ-J 
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that appear in the identities 

[7/,7'''-*^''](-i)''+i = (D-q+l) ^^t'^i^^^^.-fe,] + 2(-l)«+Sf'=^-''^-^5'='']/, (B.8) 

[7fci...fc,,7']{-i).+i = (£'-g + l)7[fei...fc,_i'5fe,]' + 2{-iy+'S\k,lk,...k,], (B.9) 

[Tim,!"'-""] = (-l)^+'5(/|''^7'"-''^|m), (B.IO) 
[7/m,7^^-^^] = -{D-q+l){D-q + 2) 6i^'-' S^''^ -f'^-''^^ 

+ (-l)«(Z^-g + 2)<5[^|[*^i7'"-'^l|m]+ 27t'^-'''-^l[/5l'=«l„], (B.ll) 

[S'm,!''-'"] = {-l)'^+'6j''j''-'''^', (B.12) 

[7fei...fe,, 5 m] = {-iy^'lm[k,...k,.,h,]'- (B.13) 

These are used together with the corresponding commutators involving products of metric ten- 
sors: 



n = 1 r^n 

r/*-^''] = 2 { ^ n ^'^''^'^/^'"^m^"^ (B.15) 



n = 1 r' ^ ri 

hlm,v''''---V'''^] = ^ E { E n V^^'-'^[/|^'"'7^'"'^^'"<5^"V] 

n=l m<n rj^m,n 

+ 2 nr7^'->(5[;|(*"7^"W]}- (B.16) 

Finally, we are making a wide use of the following composition rules for family 7-matrices: 

Iki-kgli = lki...kqi + l[ki...kq-iTk^\u (B-17) 

7fei...feq7im = lk\...kqlm + ( 7[fei... feq_i | m ] i ~ l[k\...kq-\\lT\kq]m') 

+ 7[fci...fcg-2^fcg-i|mr|feq]/- (B.18) 

Similar rules also apply when one raises indices, but the normalization of 77 '•^ introduced in 
eq. (A.2) requires that this operation be supplemented by the substitution 

Tij^2rtK (B.19) 

In order to derive the equations of motion, or in order to impose the condition (3.31) of self- 
adjointness of the constrained Lagrangians, it is also convenient to keep in mind the further, 
standard relation 

7o(7iki...ikJ^7o = (-1) ^ lk,...kq- (B.20) 
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The previous identities also suffice to compute generic 7-traces of the kinetic tensors «S and 
W and of the Bianchi identities. In particular, starting from the Fang-Pronsdal-Labastida tensor 

5 = - , (B.21) 

one can obtain 

p p 
n Ti^jrlk,...k,S = {-l)Uiq + l) ^jk,...k,ll Ti^jri' 
r = 1 r = 1 

p p p 

+ ^(«+ l)7[fel...fe<,_l^fc,] n - « Yl ^[kl...k,-lTk^]{in9jn) n ^VjrV' 

^■ = 1 n = l rj^n ,„ „„, 

(B.22) 

p p p ^ ' 

- i Yl ^ki...k,{i„dj^) Yl ^v>V' - « 5'7[fei...fc,_iTfc^]« n '^^rjr'^ 

n=l r^n r=l 

P 

- i d^lki...kgi n 

r = l 

and this result is at the root of the derivation, in eq. (3.31), of the constrained Lagrangians via 
the identification of a constrained self-adjoint operator. It is also needed in a direct derivation 
of the equations of motion, and in this context the relevant 7-traces for a two-family gauge field 
read 

= i{-2^^i + 2diij - d^TijiP - d^-fijij) , (B.23) 
TijS = i(^^ T,j ^-d(ii^j)-d^ T,, ) , (B.24) 
-fijS = i(^3^^,j^ + 37[.5,-]^ + a'=r;,[,7,.]V - ^Siife^) , (B.25) 

- Tij Tki ^ - Tij 7fc; V ) , (B.26) 
TijTkiS = i TijTkiil^ - Tijd^k^i) - Tkid^iiPj) - d'^TijTki^^) . (B.27) 

Other identities that are useful for a direct construction of the field equations in the two- 
family case are: 

}^i=^i + 2id^^^ij + id^d'^ji^jk, (B.28) 

TijW = TijS + 2iD^ij + 2id''d^iCj)k + id'^d'Tij^ki, (B.29) 

jijW = jijS - 2z5'=^7[^ei]fc +2za'=a[,C,], + id'^d'jij^kl, (B.30) 

TijjkW = TijjkS + 2injk^ij + 2i^d^iij)k + 2id^-(kd^iij)i 

+ 2id^^Tij^ki + id^d'^Tij^kiim, (B.31) 
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(B.32) 



C Proof of some results used in Section 3 

The construction of the Lagrangians for general Fermi fields of mixed symmetry presented in 
Sections 3.1 and 3.2 rests upon a number of statements that were referred to without presenting 
their proofs. In this Appendix we would like to provide the missing details: 

• the proof that, for any given number of traces and antisymmetric 7-traces of the kinetic 
tensor S, all Young projections in family indices with more than two columns vanish in 
the constrained theory; 

• the proof of eq. (3.11), that links terms in the gauge variation of the Lagrangians involv- 
ing projections with more than two columns to the Labastida constraints on the gauge 

parameters; 

• the generic traces and 7-traccs of the Bianchi identities and some of their projections that 
play an important role in our constructions; 

• the actual link between eq. (3.38) and a combination of 7-traces of the Bianchi identities 
involving only two-column projected 7-traces of the unconstrained kinetic tensor W. 

These four points will be discussed in detail in the following four subsections. 

Young projections and constraints 

In the symmetric basis that we adopt in most of this paper for the Young tableaux, all projections 
with more than two columns of a generic combination of traces and antisymmetrized 7-traces 
can be expressed as a sum of terms where at least three family indices are symmetrized. We can 
now show that they are all directly related to the Labastida constraints (3.2) if the 7-traces are 
applied to V', or to the constraints (3.4) if the 7-traces are applied to S. 

To begin with, one can hide the traces that do not carry any of the symmetrized indices, 
because they do not play a role in the following analysis. Then, out of the possible placements 
of these indices the combination 



is directly related to the constraints. This is so since the cycle can be directly extended to 
contain four indices, due to the presence of two identical tensors, while the traces commute with 
lki...kq- There is another possibility that involves only traces. 



Ti(aTbc)lki...k, 



(C.l) 



Ti(a\TjlbTc)i-fki...kg ■ 

It can be treated as in [2], rewriting it in the form 



(C.2) 



Ti{aTbcTj)iJki...kq - TijT(^abTc)llki...kg 



Ti{aTbc) TjiJki...k, 



■q ) 



(C.3) 
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so that it vanishes manifestly in the constrained theory, since all these terms can be related 
to the constraints after extending the symmetrizations as pertains to products of identical T 
tensors. On the other hand, if one of the symmetrized indices is carried by a (multiple) 7-trace, 
one can resort to eq. (B.17), obtaining 



T(ablc)ki...kq-i = (-l)^"^^7fei...fe<,-i 7(o^6c) + (-l)^7[fei...feq_2^fe,-i](a^6c) ) 



}(a \ Tj\bJc)ki...k, 



(-l)^"^Sfei...fc,-i7(a7'b|i^|c): 



9-1 



+ i-iyi[k,. 



kq-2 ]ia b\i ^ \c)j 



(C.4) 



All these terms therefore vanish cither directly or after enlarging the cycle as above. 



Alternatively, as in the bosonic case discussed in [2] one can also derive these results noticing 
that the expression 

admits all Young projections allowed by 

^iiji • • • 'I'ip-ijp-iTabl ck\...kq-\ i (^-6) 

aside from the two-column one. Furthermore, acting on each irreducible component of (C.5) the 
permutation group can generate the entire corresponding irreducible subspaces, and in particular 
the irreducible components of (C.6) that it contains. This suffices to show that all Young 
projections of the generic expression (C.6) with more than two columns are actually related to 
the Labastida constraints. In fact, the previous observation shows that they can be expressed 
as linear combinations of (C.5) with similar quantities obtained permuting indices, and (C.5) is 
related to the Labastida constraints via the first of eqs. (C.4). 



Proof of eq. (3.11) 

The presence of the scalar product makes it possible to extract the {3, 2*'""^} component of 



T- ■ T- 



ipjp ^llki...kc 



) 



acting on the left entry with the projector associated to the single Young tableau 



ii ji I 



Jp 



(C.7) 



(C.8) 

In fact, one can decompose y{3,2P-i} into a sum of Young tableaux where only the projector 
associated to (C.8) is not annihilated when contracted against the right entry of the scalar 



94 



product, where (7''^^ S^^^) carries the projection 



31 



(C.9) 

since all other tableaux would result in symmetrizations beyond a given a line. 

Furthermore, one can recognize that the operations needed to build the projection associated 
to the tableau (C.8) differ from those implied by the tableau (C.9) only in the symmetrization 
of the three indices More precisely, denoting the tableau (C.8) by ri and the tableau 

(C.9) by T2 and using the notation of eq. (A.35), when acting on the left entry of eq. (C.7) 

2 



h{r2) 



S T2 ■^T2 ) 



(C.IO) 



where the product of "row symmetrizers" does not include the operator 5(4^ because this 
symmetrization is already induced by the others. Acting with Y^-^ gives instead 



Y Y 



1 Q Q A V - ^(^2) 



so that, taking into account the ratio between the hook lengths, one ends up with 



(C.ll) 



p{p + q+l) 



I iljl, ... , ipjp ; ki ... kg ) 



( Ti^h ■ ■ ■ ^ipjp ^nki...kg, d(l\i'y^'^'<S^^')\ ij^j^ ),..., ipjp ; ki ... kg ) • 



(C.12) 



{p+l){p + q + 2) 

In a similar discussion presented in Appendix C of [2], these steps sufficed to recover the 
Labastida constraints on the gauge parameters, due to the presence of only identical T tensors. 
Here one needs to refine the arguments, because the family indices (ii, Ji) that are symmetrized 
with I can be carried both by a trace T and by an antisymmetrized 7, as can be easily seen 
absorbing the symmetrizations induced by T2 in the right entry of the scalar product, so that 



(^{3,2P-i,i9} Ti-^ji ■ --Tipjp eijki...kg , f^KT^'*'' '5^*'' )iiji,...,ij,ip;fci...fcq 



= {- TT-: J-U 



(p + g-l- 1)1 ■■■ '^\ip\jp^l^\ki-kg] 



(C.13) 



kl...kg ) 



In order to proceed, it is convenient to separate the terms in the antisymmetrization that 
differ in the position of 



'^[ii\ji---T\ip\jp^n\ki...kg] 



- ^nji^[i2|j2 ■■■ '^\ip\jp^n\ki...kg] 



( l)""^ ?iij„ ^ji [12 I j„+i ■ ■ ■ I jn-1 7| A;i...feg] 

n = 2 

-^[j2 I J2 ■ ■ ■ ip \jp fei I jl Til \ki...kq] ■ 



(C.14) 
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Forcing again the symmetrization in in the scalar product the second group of terms 

in eq. (C.14) becomes proportional to the first term, because 



n = 2 
P 

— ^2 ("1)"^ ^[^2 I jn • ■ • ^ip-l \jn-2 " " " ^ ip | { ?! ^jl' ^ j„-l ) 7 | fcl ... fcg ] 

n = 2 
P 



(C.15) 



n = 2 



and all antisymmetrizations over four indices (including those induced on a couple of traces by 
a symmetrization over three indices) are annihilated by the right entry of the scalar product 
(C.13), so that only the last term survives. 

In conclusion, the left entry of eq. (C.13) gives rise to two terms when one forces the sym- 
metrization in (ii,_7i,Z), 



'^\ip\jp^n\ki...kg\ ' g { ( P + 1 ) ^[ j2 I jn • • • ^ ip I Jn- 1 ^( iih ^l)l\kl...k. 



[i2 I in 



iip|in-i^|fci|(ii^ii7z)|fci...fc,] 



}. 



(C.16) 



and imposing the remaining symmetrizations one can recover in each of them the projection 
associated to the Young tableau 



i2 



n 



Jp 



(C.17) 



However, this projection is automatically enforced by the right entry of the scalar product, so 
that 



(^{3,2P-i,l'?} na,...T.,j,enk,...k,,di{^^'i^S^P^) 



) 



p{p + q+l) 1 V ( / ,-t\rr rr 



{p+l){p + q + 2) 2,{p + q+l) 

^[i2|in • • • ^ip|i„-i ^A;i|(neii7z)|fci...fc,] } , (7[«]5[*'^ ) \ ,i^jp-ki ...kq 

( (p + 1) Ti2j2 ■ ■ ■Ti^jpTi^i^j^^i)7ki...kg - Ti^j2 ■ ■ ■Tipjj,T^f,^^^i^e j^-fi)\k2...k. 
^(/|(7'^'«5[*'l)|i,j, ),..., 



P 



3(p + l)(p + g + 2) 



where rs denotes the tableau of eq. (C.17) and the last two lines lead to the result in eq. (3.11), 
using eq. (B.17). 
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BlANCHI IDENTITIES 



The generic 7-trace of the constrained Bianchi identities 



: diS -\^^iS - \ d"'TimS - \ d"'jimS = 



(C.19) 



reads 



p 1 ^ ^ 



r = l 



n=l 



V 



g — 1 

+ d[kllk2...kql ] n '^'■rir^ 7" [ fel Tita... feg ] « JI '^irjr^ 



r = l 



r = l 



(-1)' 



P P ^ P P 



n = l 



n = l 



r 
P 



1 ^ ~1~ 1 
~ R XI T/[fcl...fcg_irm(i„^j„) n '^irjr^ H ^ d[kllk2...kq-lTk^^l ]J Tj^j^ 5 



6.= 1 
(-1)^ ^ 



r = l 



-I ^ XI 7[fel...fcg_2^fe,-lM^|fe9](in^j„) n ^Vjr'^ 



n = l 

- — ^ 7A;i...A;q/H ^ 7[fci... fcq_i ^fc, ] Z ^ ^vjr ^ ^"^ 7fei...feg Zm J| ^i^jr '5 



2 

(-1)<^ 



r = l 



r = l 



-I ^ — ^"'7[fci...fe,_2^fc,-iM^|fc,]m n = 0. 



(C.20) 



r = l 



In order to recover the result in eq. (3.26) for the {2^, I'^+^j projection of this expression, we 
shah see shortly that the terms containing the same number of traces and an antisymmetrized 7- 
tracc with the same number of indices become proportional when they are {2^, l^''"-^}-projected. 
Furthermore, some of the contributions in eq. (C.20) arc annihilated by the Young projector, 
while the proportionality factors can be fixed resorting to the procedures explained in Appendix 
C of [2], that we shall also briefly recall in the present context. 

First of all, it is convenient to recognize that the {2^',1'?+^} component can be extracted 
acting with the projector associated to the single Young tableau 

ii Ji 



3p 



(C.21) 
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on account of the symmetry properties of the combination Ti^j^ ■ ■ ■ T^^jp Jki...kg ^l- As a con- 
sequence, all symmetrizations in the generic set of three indices {im,jm,kn) vanish due to a 
standard property of Young tableaux. One can now use this fact to relate various terms, so that 
for instance 

p p 

^{2P,19 + l} XI ^iin'^jn)l n '^ir3rlkl...kqS = " P ^{2? , K+1 } <9 ^ T^^ . . . Tj^^jj, 7 fc^ . . . fc^ 5 . (C.22) 

n= 1 r^n 

To conclude one must also consider that, in order to build the projection associated to (C.21), 
an antisymmetrization over I and all the kn indices is required. The {2*', 1^+^} projections of 
expressions that become proportional after this operation remain proportional with the same 
overall factor even after the full projection is enforced, and this finally leads to 



^{2P,19+i} Ti^h ■ ■ ■ '^ipjp lki...kq ■ 

^{2^,19+1} di Ti^j^ . . . Ti^j^ 7ki...kg 5 



(C.23) 



+ g y{2P,11+-^} Yl n '^irjrl\j„)lk,...kgS 

n= 1 r^n 

- ^ ^ Y{ 2P, 19+1} d'^ Ti^j^ . . . Tij^jp Tim 7fei... kg S 

- g ^{2P,19+i}^™'^iiji • • • Ti^3p^ki...kqlmS = 0. 

Furthermore, in the two divergence terms only the two-column projected combination of the 
traces and the antisymmetrized 7-traces can contribute to the full two-column projection also 
involving the divergence. In a similar fashion, a two-column projection in all indices is enforced 
in the first gradient term. In fact, the manifest symmetries for its lower family indices are 

{2P, ® {1} = {2P, 1^+2} |2f+\ 11} e {3, 2P-\ 19+1} ^ 24) 

but on the other hand this term results from the product of {p + 1) traces and a g-fold 7-trace. 
As a result, the irreducible components with less than four columns that it admits originate 
from the decomposition 

{2^+1} (g) {!"} = {2P+\li} ® {3,2f,l«-i} e {32,2^-1,19-2} © ... , (C.25) 

so that the corresponding term is actually {2^"'"i, 1^} projected. This is no longer true for the 
last term of eq. (C.23), where the components displayed in eq. (C.24) and those carried by the 
product of p traces and a {q + 2)-fold 7, 

{2P} {19+2} ^ {2P,l9+2} © {3,2^-1,19+1} © {32,2^-2^^9} ^ _ _ ^ ((^ 26) 

share two admissible components. However, in the constrained setting one can elude this problem 
and simply select the {2^, 19+^} component, because it is the only non-vanishing one, so that 
eq. (C.23) directly leads to eq. (3.26), while this detailed analysis is the starting point for the 
next subsection. 
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Analysis of eq. (3.38) 



Most of the results of the previous subsection can be transferred to the unconstrained setting by 
simply replacing S with W. Thus, the {2^, I'^+^j projection of the generic 7-trace of the Bianchi 
identities (3.32), 

Y{2P,ii+i} Ti^h ■ ■ ■ '^ipjp 7fci... kg , (C.27) 



reads 



(g + 3)(p + g + 2) a (n^[g]v\Ap]\ 

1 ^ 

+ g 5^{2P,K+l} Yl ^{in\h^'^^^^^^^~^^)-,ir^ujr^n,-;\jn)lkl...kq 

n = 1 

+ i-iy^'^^ Hl^'^'^yy^'^)nn,■■■,^pJp■M■■■k,l 



g + 3 
6 

6 
1 
2 



(C.28) 



d (^t^lVV'^"*" ' )iiji,...,ipjp,im;A;i...fe9 
g ^{2P, 19+i}^'"rwji • • • 1'ipjplki...kqlmy^ 
- 2P, 19+1} Ti^j^ . . . Ti^jj, 7fci... kq d"^d"' Zijnn . 



As we just saw, the peculiar feature of this expression is that the {2^', 1'^+^} projection in 
its free indices does not suffice to induce a two-column projection in all indices carried by the 
last W term. This is not a problem in the constrained setting, where the other projections 
vanish on account of the constraints (3.4), but here the last W term of eq. (C.28) can be only 
presented in this form, with the lower index m not taking part in the projection. However, 
an expression containing only two-column projected contributions obtains combining eq. (C.28) 
with a different product of traces and antisymmetric 7-traccs of carrying the same projection 
in the family indices, as we can now see. In particular, a {2*', f^^} projection is also allowed 
for the product of p — 1 traces and a (g + 2)-fold 7-trace acting on . In order to maintain the 
symmetry under interchanges of the {inijn) couples manifest, it is then natural to consider 

p p 

^{2f ,19+1} XI Tl "^irjrlkl.-.kqliin^jn)^ (0.29) 

n=l r^n 

that using the techniques of the previous subsection can be cast in the form 

( , 1 nJ (« + 3)(P + 9 + 2) \q\^Aj\p\\ 

PKQ^ \ g ^{2P,ii+-^}Oi {,1'^' yv^-' ) 

1 ^ 
n = 1 

+ i-iy^'^ Hl^'^'^yV^'^)nn,...,^pJp■,k,...kql 
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g Y{2P,ii+i} d'^ Ti^j^ . . . Ti^j^ 7fej... kg im W 

p p 



(—1)5 



) fel... feq I 



w 



n = 1 r 

P P 



1 ^- 

= 2 ^{2^>1'^+1} XI Yl '^irjr'ykl...kgl{in\9"'9'^ ^\jn)mn- (C.30) 

n= 1 r T^n 

Hence, the combination 

n2^K+i}|(P + 2)(9 + 3)r,,,-,...r,^,,7fei...ik,^i - E n ^v>7iki...ik,/(A) } (C-31) 

^ n= 1 ry^n 

in eq. (3.38) contains the following terms with p traces and a (g + 2)-fold 7 : 



- ^ Xr2P,l.+i}5™| (g + 3) Tiiji ... Ti^jpJki...kglmy^ 

p p N (C.32) 

n = l r-T^n ■' 



In order to verify that this expression is indeed {2^, f+^j projected, one can first recognize 
that the {2^, 1*?+^} projection can be enforced by the projector associated to the single Young 
tableau displayed in eq. (C.21). Then, using the notation of eq. (A. 35) and applying the column 
antisymmetrizer A associated to (C.21) to the expression within parentheses gives 



(g + 3) Ti,j,...Ti^j^Jkr...k,lmW+ {-l)'^+'Yl n ^i.>^m(i„7i.)fei...fe,i>V} 

= p!(g + l)! a"|(g + 3) T^i,\n...T^i,\j,l\k,...k,i]m^^ 

p 

n = l 

1 ^ 1 
n = l ^ 



When acting with the row symmetrizer S, the last two terms become proportional, since they 
only differ because of an antisymmetrization over all the in indices and a single jn index, that 
is annihilated by S. In conclusion, the right-hand side of eq. (C.33) is equivalent to 

(g + 3)p!(g + l)!5-r[,^l,.^...I],^l,.^7|,^...,^^^]W, (C.34) 

and the remaining symmetrizations induced by S build an expression proportional to that asso- 
ciated to a Young tableau with the index m attached at the end of the longer column of (C.21). 
Due to the symmetry properties of the underlying combination, this suffices to build the Young 
projector 1{2p,1'j+2}- In order to fix the proportionality factor and to reach the result displayed in 
eq. (3.38), one can then compare eq. (C.34) with an expression obtained acting with the column 
antisymmetrizer of the {2^, 1^+^} projector, 

A{2P,i',+^}Ti,j,...Ti^j^-fk^...k,lmW = p\iq + 2)\T[i^^j^...T^i^^j^j^k^...k,lm]yV. (C.35) 
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Taking into account the hook lengths of the corresponding expressions, 

^( 1^+1} ) = P'-iP+^ + '^y- , h{ {2^ 1^+^} ) = P'-(P+^ + ^y- , (C.36) 
finally gives 

l{2P,K+i} 5"^ I ( g + 3 ) T,,,-, . . . T,^j^ 7fe,.. fc, W + (-1) ''+^ ^ n ( in Ijn ) fci... fe, / W I 

= (p + g + 3) 5™y{2P,i.+2}rii,i...T,^,,,7fci...fe,im>V, (C.37) 

that when added to the other contributions contained in eqs. (C.28) and (C.30) proves the result 
in eq. (3.38). 



D Some properties of the reduction for A/^-family fields 

This last appendix collects some results on the reduction to <S = of the field equations for 
iV-family spinor-tensors that complement our discussion in Section 3.4. 

Let us begin with some comments on the possibility that the tensor S itself vanish identically. 
To this end, let us resort again to an oscillator representation for the relevant operators, as in 
Section 5, that allows to rewrite S in the form 

S = ^d'l'' {ri,.-ul^)^, (D.l) 



where 

^ = ^TT^ < < ■ ■ ■ < ■ ■ ■ r^-"'^'"'-"'^'- ■ (D.2) 

In general, the spinor-tensor S vanishes identically provided the tensor 

is 7-tracclcss. Wc can now see that the fully antisymmetric fields in D = mentioned in Section 
3.4 are the unique class for which the combination (D.3) is identically zero. While it is relatively 
easy to verify that in these cases the only available component of S indeed vanishes, the absence 
of other solutions can be appreciated in two steps. To begin with, setting the trace of (D.3) to 
zero yields 

which in its turn implies the inequality D > N. On the other hand, ior: ji ^ v one ends up with 

' ^ 0, (D.5) 



that can be read as orthogonality conditions for the vectors and -^jt- More in detail, in 
order for (D.5) to hold at fixed /x, it would be necessary to have at least {D — 1) orthogonal 
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directions in the A'^-dimensional space to which those vectors belong, which can be possible if 
D < N. One can therefore conclude that D = N, so that all Sj are equal to 1. 

Furthermore, in Section 3.4 we proposed the set of conditions (3.83), in order to select the 
shift transformations 

[f] 

n = 

that leave eq. (3.77) invariant. Actually, we showed that eqs. (3.83) build these transformations 
in terms of Weyl-like ip shifts with parameters O such that $7 ~ 5 (0). As a result, they are 
expected to preserve the Bianchi identities and the (on-shell) Labastida-like constraints induced 
on S, provided the parameters also satisfy the triple 7-trace constraints (3.85). A missing step 
was an explicit proof that all transformations of this type, when combined with proper shifts 
of the yijk, are symmetries of the field equations for 'ip, a result that we verified in Section 3.4 
only for the simplest shifts with a single 7*. 

While we did not arrive at a complete proof, we can nonetheless display the cancelation 
mechanism required to this effect for an interesting class of terms. In Sections 2.3 and 3.4 we 
repeatedly stressed that, when varying the <S-dependent terms in eq. (3.77) , all Young projections 
with more than two columns can be compensated by proper fi-dependent shifts of the yijk 
tensors. The rest is of the form 

N 

SE^= ^ fcp,g??^i^i...?7^''^'^7*^i-*^<'x (D.7) 



p,q = 

[fl P 

TT T. ..^r, , , ^["''"-^"li'o V ..... , 1 

m+2n+l--- Kq \ 



n = ri<...<r-„ sj^ri 



so that the symmetry is present provided the combinations 1" ( 17 ) vanish whenever 
eqs. (3.83) hold. In the following, however, we shall only prove this result for the terms 
^[0'"*l(r2), or ^["^1 for brevity, that are fully antisymmetric in their family indices and are 
thus relatively handy to control. In displaying their structure, it is convenient to follow an 
iterative approach, building from via proper redefinitions of the parameters with 

m family indices that enter the latter quantity. In particular, for even values of m one can let 

' ^hjl, — ,injn;kl...km-2n^^ ' ^ hjl, — ,injn; kl... km-2n I ' 0^^^^) (^-8) 

while for odd values of m one can let 

Q[n,m-2n],. .. , , ^ ryl n[n ,m-2n+l] , , .... , < 77 < ~ ^ 



2 ' 

These redefinitions turn a shift of S with parameters carrying m family indices into the next 
member of the set (D.6), with (m + 1) family indices. One can therefore use them to determine 
how the field equations vary under shifts of S with (m + 1) family indices, starting from the 
redefinition 
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that the procedure induces on and substituting it in eq. (D.7) in order to determine the 
structure of Confining our attention to the n = part in (D.7) gives 



N 



p,q = Q 



^|^P,9 [ ^njl • • • ^jpjp7[fel...fcq_m| ' 7' ^^^^ l;\kq-m+l-kg] 



m+1-- 

P P 



(D.ll) 



+ (-1)''— — ^P-1,<Z+1 Yl n '^irjrl[kl...kq-m+l\^^"'\i„;jn)\kg-m+2-kq] 

n=l r^n 

+ (-1)^"^^ n '^irJrllkl...kq-m\(in^^"'^ jn);\kq-m+l-kq]j + 



n = 1 rj^n 



where we are tracking only terms that can contribute to Taking into account the 

(anti)commutators (3.92) and the coefficients kp^q of eq. (3.28), eq. (D.ll) finally becomes 



N 



p,q = 

P P ^ 

"I" 5^ rr -^Vjr 7[fei...feq_^+i I ^ (i„; j„) I fe5_m+2...A;q] r + •■■ ) 

n = 1 r T^n 

where we have introduced the operators 

0{Xym = XS'm+2S'm. (D.13) 

Comparing this result with eq. (D.7), one can thus recognize that ^["^+^1 is of the form 

e^^+'h,...k^^. ^ 0(D-m-2)'[,^|e^[™],^|,,...,^^^], (D.14) 

while other contributions in eq. (D.12) are not relevant for the present discussion, but would 
enter the definition of other 0's. 

The next issue is to exhibit the Jl-dependence of the and spinor-tensors, and the 
O ( A) operators introduced in eq. (D.13) are particularly convenient to this end. In fact, let us 
begin by guessing the result. 



n 

(m— n)(m— n— 1) 



r™l X — ^ im— niim— n— 11 i — r 

e^'^K^.^kr. = E (-1)^ — n ^"^I'^^ix 

n = r = l 



m—2n 



X n C'(D m S)^''|A;„+^| ^^'"'"^ ^"^Pl|fem-n+l|,-,Pn|fem];«l-?m-2n ' 



S=l 



where the indices within vertical bars are fully antisymmetrized and the products where the 
maximum value of the dummy index lies below the lower end are to be regarded as equal to 
unity. 
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Our task is now to prove that eq. (D.15) is indeed correct, performing the redefinitions (D.8) 
or (D.9) and commuting the additional 7-matrix past the other operators acting on the ri's. 
This identifies 9^'^\ and multiplying it by a further O {D — m — 2) as in eq. (D.14) should yield 
eq. (D.15) with m ^ m + I. Moving the 7-matrix to the left of all the operators in eq. (D.15) 
transforms a generic term of the sum into 



(m-n)(m-n-l) 

(-1) 



7' n ^'^i'^. 



r = l 



n 



r = l 



(D.16) 



X 



n 



■ '"' * I |fc„+s|^' pi\km-n+\\,--- ,Pn\km];qi--- Qm — 2n ' 



s = l 



while for odd values of m the last term of the sum becomes 



m— 1 
2 



m — 1 
2 



V n + [n ^^^^I'V 

r = l 



r = l 



(D.17) 



The symmetries of the parameter Jit"'"* 2n+i] ^jjg^ reduce the commutator in eq. (D.16) to 



I fe,. I ) 7 



r = l 



(D.18) 



r = l 



since they force S'P"! j.^ | and 7*''' to commute. 

One should now multiply 9^'^^, that is obtained combining eqs. (D.16) and (D.17) and strip- 
ping off an overall 7-matrix, by the additional O { D — m — 2) as in eq. (D.14). One can 
conveniently begin by considering the contributions in (D.16), whose first line thus turns into 



(m— n)(m— n— 1) 
(-1) 2 



(-i)"n ^'>.i^(^-'^-2)%„^^i + 2[5'[,^i, n 



r = l 



r = l 



n n N 

r=l s^r ^ 



(D.19) 



after moving to the right the overall 0{D — m — 2), again on account of the symmetries of the 
O parameters. In a similar fashion, the commutator in eq. (D.19) reduces to 



r = l 



(D.20) 



r = l 



SO that it cancels against the last term in eq. (D.19), that originates from eq. (D.18). Keeping 
track of an additional factor (— l)'"~"2n fj-Qj^ ^]^g reordering of the antisymmetric indices of 
Q[n,m-2n+i] gj^a^y leads to eq. (D.15) with m ^ m+1, which vindicates our original guess, 
up to the terms in eq. (D.17), that however behave in the same fashion since 

0(A)'[,|0(p)«l,]Q["''^l...,,, = 2(p-A-2)5'[,|J^["''^l...,|,-],, (D.21) 
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as one can prove with arguments similar to those of eq. (2.108). 

Having identified the structure of the ^l™! spinor-tensors, we can finally show that they 
vanish when eqs. (3.83) hold. To this end, it is convenient to recast the sum (D.15) in the form 



r 1 — A (m+n-l)<m+n-2) I rn — z 71 \ T— r T— r 

n = ^ r = l s = l 

x!^OiD-m + n-l)\ , n ln,m-2n]^^ ^ ^ ^ ^ ^^^^ (022) 

_l (-l)"(n+ 1) ^in+l,m-2{n+l)] \ 

(m — 2n)(m — 2n — 1) \km-n+i \ ,-,Pn\ km.-i,km]lqi;q2---qm-2n-i] J- 

Before proving that this is indeed possible, let us verify that eq. (D.22) suffices to reach our 
conclusion. In fact, the J7-parameters can only contribute to eqs. (D.15) and (D.22) via their 
unique two-column Young projections in the family indices, since expanding them as in eq. (D.13) 
and making use of eqs. (3.83) one can effectively replace all the 5"^''|A;„^g| with various (5's. As a 
result, all projections with more than two columns of the resulting terms vanish, simply because 
it is not possible to antisymmetrize them over m — n indices. On the other hand, the terms 
within braces in (D.22) vanish if eqs. (3.83) hold, since they are just the antisymmetrization in 
its {jr,k) indices of 

O ( - ^ + n - 1 ) ^ --2- 1,^,., 

+ (^+1) j^[n+l,m-2(n+l)]. . . . , = Q ^^'^^^ 

(m-2n)(m-2n-l) ^lJl,■■■,^n3n,k[q^■,q2...q^-2^-l] u> 

that collects the contributions to eqs. (3.83) from two-column projected parameters. Let us 
stress that the O operators make it possible to deal with these expressions rather efficiently, so 
that we expect a similar behavior for the generic ^[^^'^^-^^l appearing in eq. (D.7) 

We can now close the present appendix, and hence the whole paper, proving the identities 
(D.22). First of all, the symmetries of the parameters make it possible to replace any of the 

S^''\kr\ operators in eq. (D.15) with ^ O ( A )^''|fcj,| , with an arbitrary argument A. One can thus 
recast the individual contributions labeled by n in eq. (D.15) in the form 

n— 1 m— 2ra+l 

(m—n)(m—n—l) TT -m r -m r 

-Ij ^ 7T TT -^^'Ifc I TT 0(D-m-s-l)'i^ik ^ ,|X 

^ ^ m(m-2n + l) J-J- ^"''^ -LJ- ^ ' 

^ ' r=l s=l 

y Q[n,m-2n] ,, , ,r i 

^ Pl\km-n+l\,---,Pn-l\Km-l,km][qi;q2---qm-2n+l] 

(m-n)(m-n-l) „_1 m-2n+l S-1 

_ njriy 1 TJ sPr \2 y (-1)^+1 n C»(r>-m-a- l)««|fc ^ ,|X 

m(m-2n + l) ^\ ''''^'l ^\ \kn+a-i\ 

^ ' r=\ ^ s=l a=l 

m-2n+l / _ „ I 1 \ 

x^^"lW.I n g(i^-rn-6-l)^^-V„,.-.| - "^^"^ ;" + '^ 5^"|.„|X 

b = s+l 

m—2n 



■^^The proof that the bosonic field equations are invariant under the shift symmetries of the Bianchi identities, 
not presented exphcitly in [2], also rests on the emergence of products of O operators, that are actually commuting 
when the conditions imposed by the Bianchi identities hold. 
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adding and subtracting the first term, that actuaUy coincides with the second contribution 
within braces in (D.22) after replacing n with n — 1. Moving all "naked" S operators to the left 
of the O operators in this expression using 

0(A)''=[,|5P"1,] ^ -5f"[,|0(A + 2)'?^|,.], (D.25) 

the sum within braces can now be turned into 

m—2n+l s—1 m—2n 



^ s=\ a=\ b=s 

m(m-2n+l) TT r) _ m _ « ^ \r.[n,m-2n\ 

11 ^/(^iy in b) \kn+s\ r" Pl I fcm-n+l I ,-,Pn |fcml;«l--?m-2n • 

Q — 1 



s = \ 



One can finally observe that the O operators in (D.15) commute, 

= 4 ^^'"'"^"'"'...;...p.......= 0, 

since the antisymmetrization in tries to make the commutator symmetric in ip,q). Fur- 
thermore, expanding the O operators, the resulting terms where only products of (5's appear 
suggest that eq. (D.26) can be recast in the form 

(\ Tl TTL — 2 Ti — ]_ 

m — 2n\-r-r^„ T r 

X + « ^^^"■"^-'"Ulfc^n+i I, ...,p„|/c„];/,i...,™-.„-i, (D-28) 

which completes the proof. The factors accompanying these terms are indeed 

m— 2n+l r—1 m—2n , , , i \ va—2n 



2 ^ JJ(D-m-a + l) n (^-"^-'^-S) - ^^^^^^^^^^^ n (^-"^-") 

r = la = l 6 = r a = l 

= _ (^-2n + l)(m-2n) "tT% _ ^ _ ^ _ ^ ) ( ^ _ ^ + ^ _ 1 ) ^ (D.29) 



a= 1 



and agree with the structure in eq. (D.28) taking into account that in the resulting product one 
is to move the I index to the first position, which gives rise to an additional factor (— 1)™+-'^. 
While we have not fully proved eq. (D.28), we have verified that terms of higher order in S work 
out in a number of cases. 
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